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Sieve of Eratosthenes (276-194 B.C.)
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Leonhard Euler (1707-1783)

Euler identity:
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p Is prime




The infinitude of prime numbers

Theorem (Euclid). There are infinitely many prime numbers.

New proof (Euler). If the number of primes would be finite, then the
(divergent) harmonic series would have finite value:
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Basel Problem (Pietro Mengoli, 1644)
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Leonhard Euler:;
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In 1735 Euler gave his first “proof” of this equality



Another value of ((s) given by EULER

1

n(s) = (1-2-27°)¢(s)
= (1-2-27°)(1°+2°4+37°+4°+...)
= 17°4+27° 437" +47°+ ..
-2.27° —2.47°— ..
= 17°—27°43°" -4+ ..
The alternating Dirichlet series
175 —27543 5454 .

converges for s > 0.
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Chebyshev's function 1(x)
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In(p) = In(LCM(1, 2, ..

q < x
g is a power
of a prime p
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Theorem of von Mangoldt
Teopema (Hans Carl Fridrich von Mangoldt [1895]).

P(x) =x— Z ),(op — In(27)



Theorem of von Mangoldt
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Approximations by Dirichlet series
() =142 +-+n"°...
I +27°4+..-+N"°
An(s)=0dn1 1% +6N22 "+ +SunN°  Sy1=1
-+ =¢(p3) = ¢(p2) = ¢(p1) = 0 = ((p1) = ¢(p2) = C(p3) = ...

.
pn =75 +17n 0<mn<72<7...

N=2M+1

An(pm) = -+ = An(p1) =0 =An(p1) = - = Alpm)



Trivial case of polynomials
P(z)=ay+a1z+ -+ apz" a #0

P(Xl):"':P(Xn):O 1'75,/':>Xi7éxj



Case of Taylor series of an entire function
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Approximations by Dirichlet series (cont.)
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C(E +it) and Agr(3 +it) = o0, di7,n 70







Coefficients 0191, red for even n, blue for odd n
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Case of Taylor series of a meromorphic function

a0 [ 1= 1( xk>
e (1-2)
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New conjecture
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Coefficients 0201 , red for even n, blue for odd n
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Coefficients 0233 ,, red for even n, blue for odd n
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Implication of the conjecture

Conjecture: 6y, — (—1)"!
N—o0

ZaNnn S;Z 1) = (s) = (1-2-27*)((s)
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n(e) = (1—-2-277)¢(0) and Aipi(0)




n(e) =(1—-2-277)¢(0) and Az(0)




N2 +it) = ¢(L +it) and Agr(L +it) = S 6170t




Non-trivial zeroes for M = 1550, N = 2M + 1 = 3101
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An(prmar —5.154 ... - 107187 £ 1.120. .. - 10711%6))
An(pmizor — 4.922...-1078%° —9.995 ... 10789%))
AN(PI\/I+401 —3.159...-1077%_-2.750...- 10—7351)
An(prrsor + 8.765...- 1071 44575 ... 107018))
An(pmssor +2.075...- 107524 4+ 1.197 .. .- 107524)
An(prs1001 +1.980.. .- 1077 —3.397. ... 107481)
An(pm+1201 — 1.034. .- 107381 _1.354.... 10—3321)
An(pm+1401 +1.466. .. - 10730 _1835.... 10—3261)
An(pm+1601 +2.281 ... - 107278 _3603...- 10*2781)
An(pmsigor — 7.799...-107237 —3.726...-1072%71)
An(pms2001 +5.921...-1072% —6.855...-10724)
An(pri2201 +8.049...-107170 4+ 1.359 . ... 10716%)
An(prs2a01 —2.001...-10712 —7.023. ... 107142%)



Trivial zeroes for M = 1550, N =2M + 1 = 3101
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Case of Taylor series of a meromorphic function (repeated)
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Extra zeroes for M = 1550, N = 2M + 1 = 3101

An(s) =n(s) = 177

1-2.27°=0 << s=

= AN S50 —5.4381.
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n(sis0 —5.743 ... -
.-1071%0 12613, .-
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AN 5350—6004...-
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—5546...
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10713 4+ 5543. ...
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Zeta zeroes are very knowledgable

Zeta zeroes "know about"
» the initial trivial zeroes
» other non-trivial zeroes

» the pole of the zeta function via the zeroes of the factor 1 —2.27°
cancelling the pole



Zeroes from Euler Product

C(s) = 17542+ +k°+4...
1
B H 1—p—
p Is prime
1
C(s) = 11 —
p IS prime
p#2

= 1434+ +(2k+1)"+...

L(2,x1,s)
(1 —=27°)¢(s)



An Example

Gfs) = (1-27°)(s)

Let us take 100 (pairs of conjugate) zeros of the zeta function,

1
5k k=1,...,100,

and 201 zeros of 1 — 275,

271 271

m,...,ilooln(z)

calculate corresponding 402 determinants of size 401 and normalize them
getting numbers

0,+

02,200,402,1, - - - » 02,200,402,402



02.200.402.n Tor Ca(s) = (1 —275)((s)
1.0 e, )
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Blue for n =1 (mod 2), Red for n =0 (mod 4), Green for n =2 (mod 4)
n<120 = the §’s are close to the coefficients of (1 —27°)(1 —2-27°)((s)
190 < n<290 = the §'s are close to the coefficients of —27°(1 — 2-27°)((s)

330< n = the J's are very small



Coefficients d101., red for even n, blue for odd n (repeated)
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020010 — (—
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1.x107%°

5.x10 %}

1)™! for odd n and for even n
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-5.x107%}
-1.x107%%

-1.5x10°%

.......50 100 150 200

520012 +1=9.93613.. x 1078 9013 — 1 = —1.49042.. x 1075°

003 =1 _ 3 51960, x 10-114
d2001,2 + 1 2



d2001,n — (—1)"1 for odd n and for even n
1.5%x107°%}

1.X10_85“0000“oooou““oou“u“uuuoc“uuuu“uco““uu“uuo

5.x10 %}

_5.X1O_86*0.'0...5000000.010000'00.'Oj@q......ztoo
-1.x107%%

_1I5x107854.oc-cccooooooooooo-ooo-cccocoooo

020014 +1=9.93613.. x 107%®  $x9010 + 1 =9.93613.. x 107%°

02001,4 — 02001,2 = —1.353923.. x 1071%°

) —1
0013 =1 _ 3 4 1060, x 10114
02012 +1 2

02001,4 — 02001,2 2 _o8
’ ! = —— —1.688757.. x 10
3(02001,2 + 1) + 2(d2001,3 — 1) 3




d2001,n — (—1)"1 for odd n and for even n
1.5%x107%

1 X10 85«0000"““uu“oo“uuuuuuoouu“uu““oou“u“uuuc

5.x 10786}
_5.x10_86*0..'...50.0..00'100 150 2000

-1.x107%%}

_1I5x107854-occoccoooooooo-ooo-ooooccoooooo

da001,5 — 1 = 4.287089.. x 1072%7

02001,4 — 02001,2 2 —98
’ ’ = —— —1.68875h7.. x 10
3(d2001,2 + 1) + 2(d2001,3 — 1) 3

020015 — 1 > —81
; = ——-—-1.1331..x10
6(d2001,2 + 1) + 4(2001,3 — 1) + 3(d2001,4 — 32001 ,2) 12




Notation
MN,n = Z:U’ 6/\/ m

—1)™, if k is the product of m different primes
(k) = {( )

0, otherwise

pn1 = 1

pn2 = On2—1

pn3 = Onsz—1

UNg = Onag— ON2

pns = Ons—1

UNg = One—On3—On2+1
png = Oonz7—1

UNg = Ong— Ona

UNg = Ono9 — ON3



Case N = 2001

20012 = —2+9.93613...-107%
{20013 = —1.49042....107%
120014 = —1.35392....107%9°
{20015 = -+4.28708...-107%7
20016 = —1.39904...-107377
f120017 = —8.46908....107**
{20018 = —3.00897...-107%°
fi20019 = +2.56119...-107°4
p2o0110 = +9.47153...-107°%
p200111 = —2.22088...-107°%2
p200112 = +1.65346...-107°%3
p200113 = —1.33219....107%%
t200114 = —2.89063...-1077%

f200115 = —2.27283...-1077%



More Notation

n
/’LN"—Z:U' 5Nm VN,n:ZMNT’m
m=1

u200173/3/y2001,2 = —1+6.813....10711°
t2001.4/4/ V20013 = —1-—2533...-107%8
120015/5/ V20014 = —1-2719...-107%
112001.6/6/v20015 = —1-+5.188...-107°
p2001.7/7/v20006 = —1+3.108...-107%°
{2001.8/8/v20017 = —1—7.566... 107
112001.9/9/v20018 = —1+3.328...-107%
f12001,10/10/v20019 = —1-2.131...-1073°
p2001.11/11 /o010 = —1—6.824...-10732

t2001.12/12/va00111 = —1—7.437...-10728



Striking Continued Fraction
_ n _ g MN,m
/LN,n—Z|,U(m) 5N,m VN,n—le m

L =2520 = LOM(1,2,3,4,5,6,7,8,9,10) N=L+1

2L - vy, = 0.9998015873172093...

5039 = 2L — 1, 2520 = 2L, 1680 = %, 1260 = 2t, 1008 = 2L,

5
_ 2L _ 2L _ 2L _ 2L _ 2L
840 = 2L 720 = 2L 630 = 2L, 560 = 2L, 504 = 2L



Function ¢(L)

o(L) = o7+




Other Values of N and L

n
MNn—Z,Uf 6Nm VN,n:ZMNTJn
m=1

= po(een) () et

V2521,2520
$(2520)
/3001,3000
$(3000)
6001,6000
$(6000)
/7001,6000
$(6000)

— 1-1.063066513532...- 107108
= 1+ 7.158776770618...- 107128
= 1+ 5.411860996641659... - 1072%°

= 1+ 5.258535208832606... - 10~2%°



Lerch Function ®(z,s, a)

oo Zn
¢(Z, S, a) = Z m
n=0

¢(1’5>1) :C(S) d)(—l,s,l) :77(5) = (1 _2'2_S)C(5)

1 a 1 a+1
f _ ~u(Z41)-1
o112+ = ola) =50 (341) - 5o (*5)
B 1 1
= . i
28 14 -
2a—1+ 1
2a
7+ 1
2a
T"' 1
2a
= +
4 2a 1
T T



