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Introduction of lattices |

Let by,...,bx € R” be linearly independent.

Definition )
A= {Z Aibi | A1, A ez}
i=1

is called a lattice of dimension k.
d(N) := det ((bi’ - by)1<;j<k)"’* is called discriminant of A, and

k
Fl(/\):z{xeR” | X=Z£ba,0§£;<1(1§i§k)}

i=1

is said to be the fundamental parallelotope of A.
We note that I(A) depends on the choice of the basis by, ..., by,
whereas d(A) is independent of the choice of the basis.
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Introduction of lattices ||

Lemma Let A’ C A be k-dimensional lattices with bases

ai,.
1.

..,ak, b1, ..., by, respectively.

There is a matrix U € ZK*k with
(al, e ,ak) = (bl, ey bk)U.
d(N) = |det(U)| d(N).

3. (A:N) =20

=4
d(A) = volg(TN(A)).
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Lattices are discrete

Theorem For x € R” and C > 0 there exist only finitely many
y € Awith ||[x —y|| < C.
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Different viewpoint of lattices

Lattices have the essentiell property that their bases belong to a
finite dimensional Euclidean space.

Hence, we may just require the existence of a basis by, ..., by in

such a Euclidean space. In it we have a scalar product (,). For

lattice vectors x = &1b1 + ... + Exbk, ¥y = mib1 + ... + Nk by with
&j, mj € Z we obtain

(5 y) = S Y Gmjlbi, by)
(517“'751()/4(7717"'777k)tr

with the Gram matrix A = ((b;, b;)) € Rk*k,
We note that A is a positive definite matrix.



Lattices

Examples from Number Fields |

Let F be an algebraic number field of degree n. We introduce a
scalar product on F in the usual way:

(,):Fx F—)RZ(X,y)l—)ZX(j)W .
j=1
By abuse of language we say that
Ta(x) == (x, x)

is the To-norm of an element x € F.
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Examples from Number Fields Il

(i) Let R be an order of F with Z-basis by, ..., b,. Then R
becomes an n—-dimensional lattice with respect to the Gram matrix
A = ((bi, bj)).
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Examples from Number Fields Il

(i) Let R be an order of F with Z-basis by, ..., b,. Then R
becomes an n—-dimensional lattice with respect to the Gram matrix
A= ({bi, by)).

(i) Let U be the unit group of R. Considering vectors whose
coordinates are logarithms of the absolute values of the conjugates
of elements of U we turn the multiplicative structure into an
additive one for those vectors of logarithms. The image of U
becomes a lattice. (This will be made precise tomorrow.)
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Computation of short vectors |

Let A € R¥*k be positive definite. We calculate an upper
triangualar matrix Q@ € R¥*¥ satisfying

2

A X—Zq,, xi + Z qijX;

Jj=i+1

1. Set Q + A.

2.Fori=1,...,k—1set g < gj, q,-j%%(i—i—lgjgk) and
update Q: Guu < Guv — GQuiqGiv (I +1 < p < v < k).

3.Set g 0 (1 <j<i<k).
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Computation of short vectors Il

For A € Rk*k positive definite and some constant C > 0 we
calculate all 0 # x € Z* satisfying x' - A-x < C.

1. Compute Q € R¥*¥ with the previous algorithm.

2.Seti<+ k, Ti+ C,U; + 0.

3. (Bounds for x;) Set Z < %, Bi + |Z — U;| and
Xj < [—Z— U,-| — 1.

4. Set x; < x; + 1. In case x; < B; go to 5.

5. Set i +— i+ 1 and go to 4.

6.Incase i=1goto7, elseset i<+ i—1 U+ ZJI-‘:,-H qijXj,
Ti < Tit1 — qir1,i+1(Xi41 + Uir1)? und go to 3.

7. For x = 0 terminate, else output x, —x, Q(x) and return to 4.
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Successive minima

Definition For i € {1,..., k} we call

M; = min{y>0|
dx1,...,x; € A linearly independent with
Ix )2 <y (L<v < i)}

i-th successive minimum of the lattice A.



Lattices

Successive minima

Definition For i € {1,..., k} we call

M; = min{y>0|
dx1,...,x; € A linearly independent with
Ix )2 <y (L<v < i)}

i-th successive minimum of the lattice A.

Theorem

1. There exist linearly independent y1,...,yx € A satisfying
lyill> = M; (1 <i < k).
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Successive minima

Definition For i € {1,..., k} we call

M; = min{y>0|
dx1,...,x; € A linearly independent with
Ix )2 <y (L<v < i)}

i-th successive minimum of the lattice A.

Theorem

1. There exist linearly independent y1,...,yx € A satisfying
lyill> = M; (1 <i < k).
2. v € A satisfying |lv||?> = My can be extended to a basis of A.
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Minkowski’s Theorem

Theorem  There exist constants C > 0 which depend only on k
with

My -...- M, < Cd(N)?
for all k-dimensional lattices A. The minimal constant with this

property is called Hermite’s constant and denoted by w,’j.

Example Let us consider the lattice A whose basis is given by
the columns of the matrix:

1000 1/2
0100 1/2
0010 1/2
000 1 1/2
0000 1/2
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Hadamard’s Theorem

For by, ..., by let by,... b} € R" be the corresponding orthogonal
basis determined by the method of E. Schmidt:

i—1
bi :=b; — Y ujb}  (1<i<k),
j=1

b!b’
Hij == b*,tl;*
Ji

(1<j<i<k).
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Hadamard’s Theorem

For by, ..., by let by,... b} € R" be the corresponding orthogonal
basis determined by the method of E. Schmidt:

i—1
bf :=b; =Y uyb;  (1<i<k),
j=1

btb*
Lij = g

=1 (1<j<i<k).
b b;

Theorem

k k
d(N) =T Ib; I < T Il -
i=1 i=1
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Hadamard’s Theorem

For by, ..., by let by,... b} € R" be the corresponding orthogonal
basis determined by the method of E. Schmidt:

i—1
bf :=b; =Y uyb;  (1<i<k),
j=1

bfb;-‘
luU = * Tk
bj bj

(1<j<i<k).

Theorem

k k
d(N) =T Ib; I < T Il -
i=1 i=1

Corollary d(A)2 < My-...- M.
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LLL-reduced bases

Definition A lattice basis by, ..., by is called LLL-reduced if it
satisfies the following conditions:

Lolugl <3 (1<j<i<k),
2. [Ib} + by [ > 37| (1 <7< k).

Theorem A LLL-reduced basis by, ..., b, satisfies:
L TTE libil] < 24Dd(n),
2. |Iby|| < 23 Dd(A)x,
3. [[be]? < 27HIx|[* v x € A\ {0},
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LLL-algorithm

1. Set ¢; + b;, G + ||cf||> (L < i < k) and m <+ 2.
2. Set { < m—1.
3. For |pime| > 3 set

. 1
r <— S|gn(ume)HMm£| + EJ, Cm < Cm — ICyp,

Pmj < pmj — gy (L<j<C—=1), fime $ fime — T

For { < m—1, go to 5.
4. For C,, < (% — /ﬁn’m_l)Cm_l go to 6.
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LLL—-algorithm

5.Set £ < £ —1. For £ >0 go to 3.
For m = k, terminate, else set m < m+ 1 and go to 2.
6. (Exchange ¢,—1 and ¢n,) Set p < pmm—1,C < Cn + 12 Cr1

and

Cm—l Cm—l Cm Cm—1 Cm °
m,m—1 MT, Cn +— —c Cno1+ C, . — Cmot |
Also set

(“”"“)%( imj ) 1<j<m-2),
Hmj Hm—1,

and for i=m+1,..., k eventually

Mim—1 1 Hmm—1 0 1 Him—1
(Mim )<_<0 1 ><1_M><Mim >

For m > 2set m<+< m—1. Go to 2.
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Construction of a lattice from sublattices |

Let c1,...,¢cx € A be linearly independent. For arbitrary non-zero
Ci+1 € N\ we calculate my, ..., myy1 € Z with
k+1

Zm,'C,'ZO (|m1\+...+\mk+1|>0) .
i=1

Also we determine cf,...,c) € A with

k+1

K
ZZ-C;:ZZ-C;- )
i=1 i=1
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Construction of a lattice from sublattices Il

Originally, this problem was solved with LLL-reduction applied to a
lattice with basis given by the columns of the matrix:

1 0 0

0 10 0

0 0 1
2>‘C1 . L 2/\Ck 2>‘Ck+1

If we choose A > 0 sufficiently large (in dependence of the input
data) then a LLL-reduced basis contains a vector whose last n
coordinates are 0.
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Example

Solve Ax = b in integers for

—6
2
—6
-9
-5
6

9

5

0
—10
-8
8

3 -7 4
-4 3 8
1 2 5
-2 6 1
3 7 -8
-8 -1 -9

7
—10
5
9
4
4

7
0
6
4
5
-8

5
-2
3
-3
1
1

(3,-1,-1,-7,9,8).

and bt
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MLLL-algorithm

The MLLL-algorithm is applied to the columns of the matrix
(A,b). When it terminates the last row of the transformation
matrix contains the solution:

11297648
5877935
25586565
—4243288
—13007950
7269435
—14476828
—28

0
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Non-integral lattices

In algorithmic algebraic number theory we would like to apply the
MLLL—-algorithm also to non-integral lattices.

During interactive calculations one easily observes when a linear
combination represents 0.

A criterion for termination is not easy, however, since round-off
errors occur.
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Let by,...,b,_1 be linearly independent and

w
N = > Zh;
j=1

be a sublattice of the considered lattice A. In case by, # 0 we
obtain for the discriminant

o
d(A.) = T IIef |
j=1

and for the length of a shortest vector, say y # 0, the estimate

Iy |2 < (vd(A)DY-
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If we can get a lower bound for the first successive minimum Mj of
A, the estimate

Mi < (vfid(A, HII 12

yields a lower bound for || b, ||.

In the case of unit computations of orders in algebraic number
fields we have the following option.

The coordinates of the considered lattice vectors are logarithms of
the absolute values of the conjugates of algebraic numbers which
are no roots of unity.
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For field degrees d < 2300 the best known result was proved by
Matveev in 1991:

An algebraic integer o # 0 of degree d > 2 which is not a root of
unity has one conjugate whose absolute value is larger than

; <3|ogd(2d/2)>

From this we immediately obtain a lower bound for M;. Hence, the
MLLL—-algorithm can also be used for calculations in lattices
coming from units (in logarithmic space) and it produces provably
correct results.



Lattices

Minkowski’'s Convex Body Theorem

Let C C R" be a convex, 0—symmetric set and A be an
n—dimensional lattice. Then C contains a lattice vector x # 0 if
one of the following conditions is satisfied:

1. vol(C) > 2"d(N);

2. vol(C) > 2"d(A) and C is compact.
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Hermite normal form

For every matrix A = (aj;) € Z™*" there exists a unimodular
matrix U € Z"*" such that H = H(A) = (h;;) := AU is a lower
triangular matrix whose entries satisfy

1. hjj > 0 for 1 < i < min(m,n),

2. in case hj; > 0 we also have 0 < hj; < h;j; for j <.
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Free modules over principal ideal domains

Let M be a free module with basis by, ..., by over a principal ideal
domain R.

1. Every submodule M of M is a free module of rank < k.

2. Let i be a fixed index with 0 < j < n. Then by, ..., bj_1, ¢ with
¢ € M can be extended to a basis of M precisely if the coefficients
in the basis presentation ¢ = 1 b1 + ... + Yk bk satisfy

ged(Viy s 7k) = L.



