EXERCISES FOR LATTICES

MICHAEL E. POHST

1. MULTIPLE CHOICE

1. Let by,...,br € R™ be independent. What is the dimension of the lattice
A=17Zby + ...+ Zby?

a) n, b) k, c) other.

2. Let m € Z with m > 2 and (by, ..., b, € Z".

Is A= {a=(a1,...,a,)" € Z" | 320", bia; = 0 mod m} a lattice?

a) yes, no.

3. Let My, ..., M} be the successive minima of a k—dimensional lattice A in R".
Does there always exist a basis by, ..., by of A subject to ||b;||? = M; (1 <i<k)?
a) yes, b) no.

4. Let A be a lattice and b € A subject to ||b||> = M;. Can b be extended to a
basis of A?

a) yes, no.

5. Let By, Bs € R™ ™ be matrices such that the columns of both generate the same
n—dimensional lattice A. What can we say about their determinants?

a) det(B;) = det(Bs), b)det(B;) = £ det(Bs), other.

6. Let A = Zby+...+Zbj, be a k—dimensional lattice. Let b = B1b1+...+ 8xbr € A
with ||b||? = M;. Then one of the coefficients f3; is odd.

a) yes, b) no.

2. COMPUTATIONS
1. Compute the Gram Schmidt orthogonal basis for
by = (4,0,0)%, by = 2,9,0) by = (1, -3, 1) .
2. Compute a basis for the lattice
A = {(by,ba,b3)"™ € Z3 | by + 4by — by = 0 mod 10} .

3. Compute all shortest vectors in a lattice A with Gram matrix

2 1 1

A= 1 21
1 1 2

3. PROOFS

1. Let f(x) € Z[z] be a monic n-th degree polynomial. Consider R = Z[x]/(f).
Each residue class g + (f) has a unique representative g(x) € Z[z] of degree < n.
Hence, each residue class can be uniquely represented by the coefficient vector of g
in Z™:
©:go+ 912+ .+ gno12" 7 (g0, o Gn1) -
1
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Let I be an ideal of R. Show that ¢(1I) is a lattice. What is the dimension of ¢(1)?
2. Show that Z(1, 1) + Z(v/2, —v/2)' is a 2-dimensional lattice, but Z1 + Z+/2 is
not a lattice.
3. Let A = Zbq + ... + Zby, be a k—dimensional lattice in R™ with n > k. Develop
an algorithm which for given a € R™ determines b € A satisfying

Ib —a|| = min{|lc —al| |c € A}.

4. Prove that 73 = %.



