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[e.e]
1
C(S)ZZ§’ where s = o + it with 0 > 1
n=1

C(1—s) = 2T (s)¢(s)(2m) "~ cos %s

¢(s) has a simple pole at s =1

¢(=2j)=0forjeN




Introduction

The Riemann hypothesis and the derivatives of (

Prime number theorem

All non-trivial zeros of ¢ are in the critical strip 0 < o < 1.

Riemann hypothesis

All non-trivial zeros of { are of the form % + it.

Speiser 1934

Riemann hypothesis <= (’(o + it) has no zeros for 0 < o < %

Yildirim 1996
The Riemann hypothesis implies
@ (” has no zeros in the strip 0 < 0 <

N= N[—=

@ (" has no zeros in the strip 0 < 0 <
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Introduction

Plots of || and |(/|

|¢'(c+it)| for 0 <o <8and 0.2 <t <60
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Zero free regions Known zero-free regions
KI"IOWH zero—free regions
If o > ..., then the function has no zero for s = o + it forall t € R
¢ ¢! ¢" | ¢W for k>3
Hadamard and de la 1
Vallée-Poussin 1896
Spira 1965 Thk+2
Verma and Kaur 1982 1.13588k + 2
Skorokhodov 2003 2.93938 | 4.02853
Note that og 2
log 28
g = 8% —1.13588...
|Og 3
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Zero free regions Finding zero free regions

Finding zero free regions

We find s = o + it such that

2 logkn
(k) —
(W) = |3
n=2
N-1 k oo k
logk N log”" n log” n
- NS B Z nS + Z nS
n=2 n=N+1
logk N = logk n . logkn
- - > 0.
No’ Z nc Z n®
n=2 n=N+1

That is, for N € N> we find the regions in C where ¢(¥)(s) is dominated
logh N
by N
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[e e}

can dominate ¢(()(s) = Z
n=2

logh N

logk n
Ns °

iszeg.

1w logk(n)
1= 10713}
8 x 107141
6.x 1071 k=33, ¢=30
4.x 1071}

2.x 10714}




There is no dominant term if

logh N _
No

logh N
Ns

logh(N + 1)
(N+1)°

 logh(N +1)
O (N+1)7

This is the case when o = k - gy where
log(N+1)

Iog log N

an =
log %

In particular

g ~ 1.13588, g3 ~ 0.808484, qu ~ 0.668855.



Zero free regions Finding zero free regions

The head Hf,(c) and the tail Tx(o)

Let

M—1 M— 1Iog "
His(s) = 3 Qk(s) = Y %
n=2 n=2
and .
> . loghn
> 9= Y e
n=M+1 n=M+1

Our goal will be to show that

k k
CB($)] > Qy(o)—HEy (o)~ Th(0) = Qly(0) (1— Hia gy i, )) >0
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Zero free regions Finding zero free regions

The head H5,(o)

k = Iog n Q14 Q
Hiy(o) = §j<9 = Qlo) (o) + G o)

n=2

oo <Qgﬂkj ) (1+ Gro) (14 (1+ %) )))

For2 < n< M and ¢ < quy_1k — cM where ¢ € R>? a solution of
21— L (14 1) >0 we have

Q,’;_l n —<M M —<M 1
G0<(5) <(w) e

It follows that
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For o > qumk + c¢(M + 1) we have

T (o) = Z Qi(0) Z —g—</ —g—dx
n=M+1 n=M+1

log" M M k
< TME o 1(1+(0 1) log M— k+1>

With k > k= CMEUE this gives

1
Rpya(0) < R/I\%_l(QMkM +c(M+1)) < -



Now

M) = Ql(o) — Hig(o) — Thy(o)

= Qf (o) (1 - g—g(a) — g—g(o))
> Qfy(o) (1— ecl_l ‘%(H%))



L -2+ D20

Let k € N and ¢ € R>? a solution of 1 — —
fMeN, M>3and

guk + (M +1)c < gm_1k — Mc
then ¢(K)(s) # 0 for

amk + (M +1)c < o < gy_1k — Mc.









1
The tips of the wedges are at ky = 5 ((gm + gum-1)k + ¢)

M
|
:
Kt Kk
M 34|56 |7 ]8] 9] 10|
kn at tip of wedge || 20 | 77 | 163 | 291 | 465 | 691 | 971 | 1313
k at tip of line 19 [ 58 | 123 | 220 | 354 | 529 | 748 | 1014
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Vertical distribution of zeros ~ Approximate results

Vertical distribution of non-real zeros

Riemann, van Mangoldt 1905
The number of zeros of (0 + it) with 0 < t < T is

log T —1— log 27
21

N(T)=T + O(log T)

Berndt 1970
The number of zeros of (W (o + it) with 0 < t < T is

log T — 1 — log4r

N(T)=T
(T) o

+ O(log T)
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Vertical distribution of zeros ~ Approximate results

Berndt’'s proof

There is o € R such that (K (o + it) # 0 for o < a. (Spira 1970).
Let 7 > 0 such that ¢(K)(o + it) # 0 for 0 < t < 7.

t

ji I, =0(log T)
3 N=2

Y1, =i Tllog T-log 27—1)+O(log T" [~ L =—iTlog 2+0(1)
= I, =0(1)

g
o]
The number of zeros of ¢(K)(o + it) with 0 < t < T is
1 ¢k+1)(s) h+h+h5+1, log T—1—log4m
(7) 2 o s s o o + O(log T)
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Vertical distribution of zeros  Zero free line segments

Some zero-free points

If &N and LD dominate () and

log" N log"(N + 1)
Ns — (N+1)s

then ¢(9(s) # 0.

log" N log"(N + 1)
Ne o (N41)7

hence 0 = k- qu

Absolute value:

Real part: cos(t - log N) = cos(t - log(N + 1))
Imaginary part: sin(t - log N) = sin(t - log(N + 1))
hence t = 2mm for me Z

log(N + 1) — log(N)
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If gk + (M +1)log3 < o < gy_1k — Mlog3, then ¢(K(s) # 0 for
27y

s=ot log(M + 1) — log M~

t
500 —

300 [
[ M=3

200

100 —

I I
25 50




Vertical distribution of zeros Locations of zeros

Locations of zeros of ((¥)

If &N and LD dominate ((4) and

logh N B _Iogk(N +1)
Ns (N +1)s

there might be a zero of ¢(K) close to s.

log" N log"(N + 1)
Ne o (N+1)7

hence 0 = k- qp

Absolute value:

Real part: cos(t - log N) = — cos(t - log(N + 1))
Imaginary part: sin(t - log N) = —sin(t - log(N + 1))
2 1
hence t = (2m + 1)m for me Z

log(N + 1) — log(N)
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Iog M logk M1 . .
+ =jr= inside the curve y L.

The point « is the only zero of

t

S|
1
1

2(j+1)m '

log(M +1)—logM B 1
1
|
_ @i+hr .
log(M +1)—logM 1
1
|
2jm ‘:
log(M+1)—logM_k T
1
1
|

1 a
Qb+ +2)e g k—(M41)e qk qy k+(M+1)c Qy_1k—Me

We have ||og M Io%;ﬁ—si-l (k)(s)| < |Iog M |o%;ﬁ:r1|_

By Rouché’s Theorem C(k)( ) has exactly one simple zero inside ~.




Let Nf,(T) denote the number of zeros p of (()(s) with I(p) < T and
amk + (M + 1) log3 < R(p) < gm—_1k — Mlog3. Then, for all j > 1,

Ny (ogcmresy iogrony ) =
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Chains of zeros  On the far right

Chains for large k

For M € N, M > 2 there is K € N such that
am+1k + (M +2)c < guk — (M 4+ 1)c for all k > K.

For each k > K and each j € Z there is exactly one zero in a rectangular
region given by M, k, and j.

There exists a unique corresponding zero of ¢(Kt1)(s) in the rectangular
region given by M, k+ 1, and j.
Thus there is a chain of zeros

¢F)(s), (KD (s), K+ (s), .
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t
60 — o=
R
—
—_—
—
. 40—
s=o0+it —
s)=0 (—
-—
X ((s)—1=0
) —c=0 —_—
forc € [0,1) ol
I I I 1 I 1 I
1 1 2 3 4 5 6
o

2m+1)7
W for m e N.

The horizontal asymptotes are t =



Zeros of ¢ and zeros of C(k)

Zero free regions for ((s) — ¢

t
S -
— —
. - —
. P —
= =
s=o0+it —_ —
¢(s) =0 do- ——
X gEm-1-0 _ e=——
— 4s)=c=0 —
for c € [0,1)
— ek —
for c € [0,1) oL | =
— (s —-1#0
- C
e
I ! - ‘ ‘
1 1 2 3 4 5 5 -
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