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Introduction
A polynomial over the rational numbers can be written as

f (x) = a0 + a1x + a2x2 + · · · + an−1xn−1 + anxn

where each ai is a rational number (a fraction). The roots of f are the
numbers r such that f (r) = 0. The quadratic formula gives the roots of the
polynomial ax2 + bx + c in terms of a, b and c:

−b±
√

b2 − 4ac
2a

.

For example, the roots of x2 − 2 are ±
√

2. Note that
√

2 is not a rational
number because it cannot be expressed as a fraction. However, you can
add
√

2 and its multiples into the rationals. When we add the roots of a
polynomial to the rational numbers we obtain a field extension. The way
the roots of a polynomial interact with each other, called the polynomial’s
Galois group, determines properties of the polynomial.

Let p be a prime. The field of p-adic numbers, denoted Qp, is the
collection of all numbers of the form

∞∑
k=N

akpk

where the p-adic digits ak are elements of {0, 1, . . . , p− 1}. Note that Qp

contains the rational numbers, and is a number theoretic analog to the
field of real numbers.

The p-adic numbers have implications in cryptography, and polynomials
are used for modeling across multiple disciplines. Our project focuses on
determining when polynomials with p-adic coefficients have certain
arithmetic properties.

Our Research
There are only a finite number of extensions of Qp for a given degree,
making a complete classification of these extensions possible. The case
where p does not divide the degree of the extension is understood. Degree
p and 2p extensions were classified by Amano [1] and Awtrey-Hadgis [2],
respectively. For all other degrees divisible by p, the only known cases are
when n ≤ 15. In the case of totally ramified degree p2 extensions of Qp, it
is known that there are pp+3 + pp− p distinct generating polynomials. The
motivating idea behind this project was to classify these distinct
generating polynomials.

Adjoining a root of a polynomial to a field creates an extension that may
contain other roots of the polynomial. The number of roots of the
generating polynomial that the extension contains is order of the
automorphism group. We classified our polynomials by the three
possible automorphism group orders: 1, p, and p2. We only considered the
order 1 and order p cases because polynomials with automorphism group
order p2 define Galois extensions and have already been classified [3].

Classifying Size p Automorphism Groups

j Generating Polynomial Conditions

j = (m + n)p− m xp2
+ qj(x) + (−1)sm−1naps+1xt + apxnp + (bps+1 + 1)p n 6= p

j = p2 − 1 xp2
+ (p− a− 1)pxj + apxp(p−1) + (bp + 1)p

j = (1 + p)p− 1 xp2
+ pqj(x) + (p− 1)pxp(p−1) − m−1p2xp−1 + (bp + 1)p

n = p
m = 1

j = (m + p)p− m xp2
+ pqj(x)− m−1p2xt + (δt,p2−1ap + b)p2xp + p

n = p
m 6= 1

Classifying Size 1 Automorphism Groups

j Generating Polynomial f Exponents

j < p xp2
+ apxj + p

p < j < p2 − p xp2
+ apxj + b0pxqp + p

xp2
+ f (x) + apxj + bpxµp + p [j + 1, j + y]

p2 − p < j < p2 − 1 xp2
+ apxj + bpx2p + p

xp2
+ f (x) + apxj + bpxp + p [j + 1, p2 − 1], p[1, r − µ]

j = p2 − 1 xp2
+ apxj + p

xp2
+ apxj + bpxµp + p · f (x) + p [1, t − µ]

p2 < j < p2 + p xp2
+ ap2xt + bp2xt+1 + p

xp2
+ apxµp + p · f (x) + bp2xt + p [t + 1, t + p− µ + 1], i 6= p

p2 < j < 2p2 − p,
p | j xp2

+ p · f (x) + apxt + p [t + 1, t + p + 1], i 6= t + p

p2+p < j < 2p2−p, p - j xp2
+ p · f (x) + ap2xt + bpxµp + p(1 + cp2) [t + 1, t + p + µ + w], p - i

j = 2p2 − p xp2
+ p · f (x) + apxt + p(1 + bp) p[1], [t + 1, t + p− 1]

2p2 − p < j < 2p2 − 1 xp2
+ p · f (x) + apxt + p p[1, r], [t + 1, p2 − 1]

j = 2p2 − 1 xp2
+ p · f (x) + ap2xt + bp2xp + p p[1, p− 1]

j = 2p2 xp2
+ p · f (x) + apxp + p p[1, p + 1], i 6= p

Variable Definitions

I j = (m + n)p− m, j = qp + r, j = sp2 + t

I qj(x) =
min{m,p}∑
i=1,p-(i+t

apx(i+t+bm
pc) (mod p2)

I f exponents = [u, v], p[z], ai ∈ [0, p− 1] denotes

f (x) = p(azpxz) +

v∑
i=u

aipxi.

I a, b, c ∈ [0, p− 1], and µ,w, y are dependent on j

*Because of the charts’ compression, they may contain previously
enumerated polynomials of greater automorphism size.

Methods
We generated all totally ramified extensions using a Magma package
written by Brian Sinclair [6] and wrote our own Magma programs to
remove the isomorphic extensions and calculate automorphism group
sizes. By inspection, we determined all general forms for the generating
polynomials based on j invariants and the automorphism group size.

To prove our conjectures, we used Panayi’s Algorithm [5]. For each
general form, we applied the algorithm first to prove the order of the
automorphism group, and then to demonstrate that two polynomials
sharing the same general form generate isomorphic extensions if and only
if their coefficients are equal. To verify that we had obtained not only the
proper extensions, but also the correct number of extensions, we summed
the calculated mass for the non-isomorphic polynomials to get the total
mass for each j value, which we checked against Krasner’s formula [4].

Number of Polynomials and Masses

Aut Size Num. of Gen. Poly

1 pp+4−2pp+3+pp+2−pp+p
p−1

p p(pp+2−pp+1+pp−p2)
p−1

p2 p2

j Mass

(k − 1)p < j < kp pk+1(p− 1)

p2 < j < 2p2 pp+2(p− 1)

2p2 pp+3

Future Research
We have classified the generating polynomials of degree p2 extensions of
Qp in complete generality. The next step would be to compute the Galois
group for each generating polynomial.
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