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Introduction Panayi’s Algorithm

A polynomial 1s an expression containing algebraic terms of the form To prove our results, we used an algorithm developed by Panayi [3]. Let ¢, 1 be two Let p > m,gcd(m,p — 1) = 1. The polynomials in the following table
f(x) =ap+ax+ax*+ -+ ax" irreducible polynomials. Let 7 be a root of ¢. The algorithm sequentially generates ”Zi‘ll uely nileﬁ”e all totally ramified degree mp extensions of Q). There are
A root is a number  such that £(r) = 0. As an example, consider the polynomials based on 1) to find the roots of 1) in Q, (7). ) generates the same extension p"" + p" — p total extensions.
polynomial x2 + ax + b. Its roots are given by the quadratic formula: as Q,(m) if and only if ¥ has a root in Q, (7). So, with the algorithm we can determine | | . |
at JE =D if ) and ¢ generate distinct extensions. Furthermore, if ¢ = 1), then the algorithm tells J Defining Polynomials #Aut | #Extensions
us how many roots of ¢ we get by adjoining 7, or the order of the automorphism group.
2 0<j<p-—1 X" + pax’ + p 1 p—1
Whether these roots “exist” depends on which number system we are . ., . oo 1
using. In the real numbers, the roots exist only when a* — 4b > 0. In the Algorithm. (Panay1’s Algorlthm) . . p—1 xmp ! ij j 2p —2
rational numbers, the roots exist only when a* — 4b is a perfect square. If Input: Qp(m), where m is ﬂ.le r0.0t of a polynomial, and a polynomial ¢. | xm +pb1x.+1 +p@ o - .
the roots do not exist, we can extend our number system to include the Quiput: A set G of app ro.xnnatl(?ns of the roots of ¢(x) O.V.€I‘ Qp(m). P2 - +pb1xj_+l +an], o 1 =7
roots. In general, we can extend any number system by adjoining a root of Let ¢ = ¢/m, where w is the highest power of 7 that divides all the terms of ¢. 2p —2 = +pb1xj, : tpa ,+1p , : 2p* —2p
a polynomial. If the polynomuial 1s irreducible, we call the degree of the ® Set €+ {(¢*(x),0,0)}. o +pb2x]_+ +pb1).d+ tpeX P
extension the highest power of x in the polynomial. By adjoining a root of ® SetG « {}. -] b ﬂ.? a.x] P | : Pop
a polynomial, we obtain a number system in which the polynomial has at ® While C 1s not empty: k=lp<j<kp-1) " +3i b"x].ﬂ. fradtp Lo
least one root. In the extension, the number of roots of the generating ® For all (¢)(x), 0, s) in C: kp— 1) Y+ Y Pbl‘xffl tradp L g
polynomial is the order of the automorphism group. ® C <+ C\{(Y(x),d,s)}. ¥+ Y ph 4 pGed +p P
® R < {B]|Bis aroot of ¥)(x) modulo p}. k(p—1) <j<kp X" 4+ 30 phid O 4 pax! + p L ph=pt!
We are interested in the extensions of a number system called the p-adic ® Forall 5in R: (m—p<j<mp—1) X"+ 3 pba'*+ pax’ + p e A
numbers, or Q,, where p is prime. A p-adic number is a (potentially ® Set)(x) « (mx + f). m(p — 1) X 3T phidt 4 par! 4 p : 2y 2]
infinite) sum of powers of p, so that we can easily keep track of ® Replace 1(x) + Yi(x). X 4 S pbd Y pGud + p - pPhw P
divisibility by p. Q, contains the rational numbers, but it also contains ® Ifdegty = 1,then G+ GU{d + 75}. mp —1) <j<mp X"+ 3T peibad O+ pa! 4+ p A A
some irrational numbers. Since primes are the building blocks of all ® Ifdegt > 1,then C < CU{(¢(x),d + 78,5+ 1)}. mp X4 3L P £ p L
numbers, studyi.ng Qp and. its extensions has important applications across ® Return G. B . §Tl?b§le ml_ ngéfi m% eXIile;l;iZflziji gp,l\;fhiefjgédliz, P ’:1 ) 5:; . :H?re_ 1m ? a i§+]9j N 1m g, inz % (ﬁh_erk/ise,
all of mathematics, including number theory and cryptography. We can e =pifi+j> mp,and 1 otherwise.

even do calculus over Q,, so understanding it will have consequences for

both analysis and number theory. P Future Research

We have completely verified the generating polynomials and
automorphism sizes of the extensions of degree mp when p > m and
gcd(m,p — 1) = 1. Future research will focus on constructing and
veritying the characteristics of the polynomials for the case when m > p
and when gcd(m,p — 1) > 1. A natural continuation of this work is to
compute the Galois groups of degree mp polynomials over Q,,.

Q, has only finitely many extensions of a given degree and the
polynomials that generate these extensions have integer coefficients.
Consequently, it 1s possible to classity all extensions of a given degree by
making a complete list of generating polynomials. Degree p and 2p
extensions of (Q, were classified by Amano [1] and Awtrey-Hadgis [2],
respectively. For all other degrees n divisible by p, the only complete
results are when n < 15. The goal of this project was to classity all
extensions of degree mp, where p does not divide m.
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We produced a list of polynomials that generate all extensions of degree
mp where p > m and gcd(m,p — 1) = 1, along with their automorphism

group sizes. With Panayi’s Algorithm, we proved that the proposed 324 % 3uz preprint.
polynomials define distinct extensions and verified that we indeed found [3] Peter Panayi.
all of the extensions and their automorphism sizes. Furthermore, we Cgmplz;tta_non of Leopoldt’s p-adic regulator.
determined the number of distinct extensions for each possible ] value. Panayi’s Algorithm for automorphism group sizes of degree 3p extensions, where gcd(3,p — 1) = 1. Starting at the top, each PhD thesis, University of East Anglia, December 1995.
node of the tree shows the reduced polynomial ¢* modulo p at that step. a is defined as in the table, and the branches with r
represent p branches, one for each r € {0,...,p — 1}
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