ENUMERATING EXTENSIONS OF (7)-ADIC FIELDS WITH GIVEN
INVARIANTS

SEBASTIAN PAULI AND BRIAN SINCLAIR

ABSTRACT. We give an algorithm that constructs a minimal set of polynomials defining
all extension of a (m)-adic field with given, inertia degree, ramification index, discriminant,
ramification polygon, and residual polynomials of the segments of the ramification polygon.

1. INTRODUCTION

It follows from Krasner’s Lemma that a local field has only finitely many extensions of a
given degree and discriminant. Thus it is natural to ask whether one can generate a list of
polynomials such that each extension is generated by exactly one of the polynomials.

For abelian extensions local class field theory, gives a one-to-one correspondence between
the abelian extensions of K and the open subgroups of the unit group K* of K. An algorithm
that constructs the wildly ramified part of the class field as towers of extensions of degree p
was given in [17]. Recently Monge [! 1] has published an algorithm that, given a subgroup
of K* of finite index, directly constructs the generating polynomial of the corresponding
totally ramified extension.

In the non-abelian case, such a complete description is not yet known. However, a de-
scription of all tamely ramified extensions is well known and all extensions of degree p have
been described completely by Amano [1]. Krasner [3] gave a formula for the number of
totally ramified extensions, using his famous lemma as a main tool. Following his approach
Pauli and Roblot [19] presented an algorithm that returned a set of generating polynomials
for all extensions of a given degree and discriminant. They used the root-finding algorithm
described by Panayi [10] to obtain one generating polynomial for each extension. A new ap-
proach for determining whether two polynomials generate the same extension was recently
presented by Monge [!1]. He introduces reduced polynomials that yield a canonical set of
generators for totally ramified extensions of K.

Monge’s methods also considerably reduce the number of generating polynomials that need
to be considered when computing a set of polynomials defining all totally ramified extensions
of K. We present an algorithm that for each extension with given invariants constructs a
considerably smaller set of defining polynomials than the set obtained with Krasner’s bound.
In many cases this eliminates the need to check whether two polynomials generate the same
extension. The polynomials constructed are reduced in Monge’s sense.

Overview. In the first three sections of the paper, we examine extension invariants and
how specifying each invariant reduces the number of polynomials ¢ to be considered. We
recall some of Krasner’s results [8] that are based on degree and discriminant (Section 2)
and then add the ramification polygon as an additional invariant (Section 3). Krasner’s
results allow us to set coefficients high enough in the 7m-adic expansion of the coefficients of

© to 0 and the ramification polygon determines or gives a lower bound for the valuations of
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coefficients of the . In Section 4 we introduce an invariant based on the residual polynomials
of the ramification polygon, a set containing tuples which consist of a polynomial over the
residue class field for each segment of the ramification polygon. This invariant determines
the leading coefficients of the m-adic expansion of the coefficients of the . The residual
polynomials together with ideas of Monge [11] yield conditions on the coefficients of two
polynomials that determine whether the polynomials generate isomorphic fields (Section
5). These conditions allow us to set further coefficients in the m-adic expansion of the
coefficients of the polynomials ¢. Thus reducing the number of polynomials to be considered
considerably. In Section 6 we give an algorithm that uses the results of the previous sections
to return a set of polynomials that generate all extensions with given invariants. In many
cases this set contains exactly one polynomial for each extension. Section 7 contains examples
and comparisons with the implementations of the algorithm by Pauli and Roblot [19].

Notation. By convention fractions denoted h/e or h;/e; are always taken to be in lowest
terms. We denote by Q, the field of p-adic numbers and by v, the (exponential) valuation
normalized such that v,(p) = 1. By K we denote a finite extension of Q,, by Ok the
valuation ring of K, and by 7 a uniformizer of O.

We write v, for the valuation of K that is normalized such that v, (7) = 1 and also denote
the unique extension of v, to an algebraic closure K of K (or to any intermediate field) by

vy. Forye K and 6 € K we write v ~ 6 if

v(y—4) >v(y)

and make the supplementary assumption 0 ~ 0.

For v € Ok we denote by v the class v + (7) in K = Og/(7), by Rk a fixed set of
representatives of K in Ok, and by Ry the set Ry without the representative for 0 € K.
For a polynomial ¢ € Og[z] of degree n we denote its coefficients by ¢; (0 < i < n) such
that o(2) = ©ua™ + 12"+ + @o and write ; = >0 ;7. where ¢ ; € R

In examples we use a table to represent sets of polynomials. Each cell contains a set
from which the corresponding coefficient ¢; ; of the m-adic expansion of the coefficient ¢; =
>t @i ;7 of the polynomial p(x) = @, 2" + @,_12" " + -+ 4 ¢ can be chosen. We use *,
T and * to indicate which conditions determine which coefficient in the 7-adic expansion.

Example 1.1. If ¢ € Og[z] is Eisenstein then ¢,, = 1*, ¢;0 = 0 for 0 < i < nf, and
$o0,1 # 0% The Eisenstein polynomials of degree n over Ok are represented by the template:
n n—1 n—2 4 3 2 1 0

| {0} Rk Rx -+ Rxk Rk Rk Rkg Rg
0| {1}* {o}' {o}' ... {o}' {o}' {o}' {o}' {o}!

2. DISCRIMINANT

We recall some of the results Krasner used to obtain his formula for the number of ex-
tensions of a p-adic field [¢]. These can also be found in [19]. The possible discriminants of

finite extensions are given by Ore’s conditions [11]:
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Proposition 2.1 (Ore’s conditions). Let K be a finite extension of Q,, Ok its valuation
ring with maximal ideal (7). Given Jy € Z let ag,by € Z be such that Jo = agn + by and
0 < by <mn. Then there exist totally ramified extensions L/K of degree n and discriminant
(7)ot 4f and only if

min{v, (bo)n, vy (n)n} < Jy < v(n)n.

The proof of Ore’s conditions yields a certain form for the generating polynomials of
extensions with given discriminant.

n+Jo—1

Lemma 2.2. An Eisenstein polynomial ¢ € Ok |x] with discriminant () where Jo =

agn + by with 0 < by < n fulfills Ore’s conditions if and only if
V(i) = max{2 + ag — v (i), 1} for 0 < i < by,

UW(@bo) = maX{l +ag — Uﬂ(b0)7 1}7
V(i) = max{1l + ap — v (i), 1} for by <i < mn.

Krasner’s Lemma yields a bound over which the coefficients of the 7m-adic expansion of the
coefficients of a generating polynomial can be chosen to be 0 [3].

Lemma 2.3. Each totally ramified extension of degree n with discriminant (7)"*70~1 where

Jo = agn + by with 0 < by < n can be generated by an Eisenstein polynomial p € Ok x| with
@ij =0 for0<i<nandj>1+2a+ 22

With Lemma 2.2 and Lemma 2.3 we obtain a finite set of polynomials that generate all
extensions of a given degree and discriminant. In [19] this set in conjunction with Kras-
ner’s mass formula [8] and Panayi’s root finding algorithm is used to obtain a generating
polynomial for each extension of a given degree and discriminant.

Example 2.4. We want to find generating polynomials for all totally ramified extensions L
of Q3 of degree 9 with vs(disc (L)) = 18. Denote by ¢ = Z?:o @iz’ an Eisenstein polynomial
generating such a field L. By Lemma 2.2 with Jy, = 10, ag = 1, and by = 1 we get
ve(p1) = 2T and v (p;) = 2 — v.(2) for 1 < 4 < m*. Furthermore by Lemma 2.3
wi; = 0 for 0 <4 <9andj > 3% Thus the template for the polynomials ¢ is:

z? z® x7 8 x5 x? z3 z? z! z0

sti{oy {o}* {0} {o} {o}y* {o}* {o}* {o}* {0} {o}
33{0} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2}
32{0} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {1,2}1 {0,1,2}
3'i{oy {o}* {o}* {o0,1,2} {o}* {o}* {o,1,2} {o}* {0} {1,2}
{1y {oyp  foyp {0y {0} {0} {0} {0} {0} {0}

N W

o

3. RAMIFICATION POLYGONS

To distinguish totally ramified extensions further we use an additional invariant, namely
the ramification polygon.

Definition 3.1. Assume that the Eisenstein polynomial ¢ defines L/K. The ramification
polygon R, of ¢ is the Newton polygon N of the ramification polynomial p(z) = p(ax +

a)/(a™) € K(a)[z] of ¢, where a is a root of .
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The ramification polygon R, of ¢ is an invariant of L/K (see [1, Proposition 4.4] for
example) called the ramification polygon of L/K denoted by Ry k. Ramification polygons
have been used to study ramification groups and reciprocity [20], compute splitting fields
and Galois groups [!], describe maximal abelian extensions [10], and answer questions of
commutativity in p-adic dynamical systems [9].

Let p(x) = >, pixr’ € K[z] be an Eisenstein polynomial, denote by « a root of ¢, and
set L = K(a). Let p(xz) = > pix" € L[z] be the ramification polynomial of ¢. Then the
coefficients of p are

(1) pi = i (f) pp "

k=i

As v, () = 1 and v, (p;) € nZ we obtain

o =i () )~ () ) )

Lemma 3.2 ([20, Lemma 1]). Let o(z) = > """, @ia’ € K[z] be an Eisenstein polynomial and
n = eqp™ with p 1 ey. Denote by o a root of ¢ and set L = K(«). Then the following hold
for the coefficients of the ramification polynomial p(x) =Y 7" pix' = plar+a)/a™ € Opz]
of p:

(a) va(pi) >0 for all i;

(b) va(ppm) = valpn) = 0;
(¢) va(pi) = valpps) for p* <i < p*tt and s < m.

This gives the typical shape of the ramification polygon (see Figure 1).

Remark 3.3. Throughout this paper we describe ramification polygons by the set of points
P ={1, ), ", J1),...,(p" ", Ju_1), (p**,0),...,(n,0)} where not all points in P have to
be vertices of the polygon R. We write R = P. This gives a finer distinction between fields
by their ramification polygons and also allows for an easier description of the invariant based
on the residual polynomials of the segments of the ramification polygon, see Section 4.

We now investigate the points on a ramification polygon further.

Lemma 3.4. Let p = Z?Zl p;xt be the ramification polynomial of an Eisenstein polynomial
o(z) =1 pir* € Oklz]. Denote by

{(1, o), P, 1), -, (P% 1, Juc1), (0°%,0), ..., (0, 0)} CH{(4,va(pi)) : 1 <i < n}

the points on the ramification polygon of ¢ and write J; = a;n + b; with 0 < b; < n.
(a) For p* <i < n we have va(p;) = 0 if and only if v, () = 0.
(b) If va(p; = 0) for some p™ < i <n then p; = (7) mod (c).
(¢) For 0 <i <u we have

o (i)™ i b # 0
Ppsi ™~ n .
SO’VL (Psi) Zf bZ = O



Proof. (a) Suppose v,(p;) = 0 for some p** < i < n. By Equation (2) there is a unique

1 < k < n such that
k
Ozn{vﬁ((,) gok)—l]+k.
i

Thus n | k and since k < n we have k = n. As v(p,) = 0 we must have v,(7) = 0.
Suppose v, (’;‘) = 0 for some p** < i < n. By Equation (2)

=t o () ) (o) oo

So v, (p;) <0, and, by Lemma 3.2(a), va(p;) > 0. Thus, v,(p;) = 0.
(b) With (a), Equation (1), and ¢, = 1, we obtain p; = () mod («).
(c) For a point (p®*,a;n + b;) where 0 < b; < n, we have by Equation (2),

. k
a;n +b; = prrélkr%n {n {vw ((pSi) gok) — 1} + k} )

in which the minimum must be obtained at k£ = b;. Thus,

Va(ppsi ) = Vq ) —n =, _ o )
) =va (1) ar

For a point (p*, a;n), that is where b; = 0, we have by Equation (2),

k
a;n = min {n {vﬂ (( > gok) — 1] + k},
p*i <k<n P

in which we have n | k, so k = n. Thus,
= () 2 ) == () #0)
Va(ppsi) = Vg )o@ | —n=w, ) oeon )
P psl psz

It follows from Lemma 3.4(b) that, modulo («), the coefficients of the ramification poly-
nomial that correspond to the horizontal segment of its Newton polygon only depend on the
degree of .

U

Lemma 3.5. If the ramification polygon of an Eisenstein polynomial ¢ € Ok|x] has the
points {(1, o), (p**, J1), ..., (p*, Ju_1), (p™,0),...,(n,0)} where J; = a;n + b; with 0 <
bi <n—1. Then for 0 <t < u, we have

2+ a; — vw(pit) for p*t < i< b
'UTr(SDi) Z i )
1+at—v,r(pst) forby <i<n-—1

and v (pp,) = ar + 1 — vﬂ(bt) if by £ 0.

pst

Proof. By Equation (2), for all k£ with p* < k < mn,

k
Jt:atn+bt§n[vﬂ<( >g0k> —1} + k,
p®
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‘w&’ 0 (n, O)i

T hd

p u—1 psu — pvp(n) n

FiGUurE 1. Ramification polygon of an Eisenstein polynomial ¢ of degree n
and discriminant (7)"*/~! with /+1 segments and u— 1 points on the polygon
with ordinate above 0.

which solved for v, (px) gives

St n

k by — k
1+at—v,r< )—i— ‘ < vp(pyg) for s <k <n.

As v (pg) is an integer, we may take the ceiling of the fraction. As 0 < b, < n — 1 and
p*t < k <mn,if k < b, then [%w =1, and if £ > b;, then [%w = 0. Therefore,

2+ a; — vw(pﬁt) for p* < < by

UW(SOZ') Z i )
1+at—v,,(pst) forby <i<n-—1

For a point (p**, a;n + b;) with 0 < by < n by Equation (2) we have

k
an + b, = min {n [vﬂ(( )gok)—l]—i—k},
p*t<k<n P

where the minimum is attained at k& = b,. Hence a; = [vw ((;;t) gobt> — 1] and v, (vp,) =
at+1—v,,(bt). OJ

pot

From this, we can generalize Ore’s conditions (Proposition 2.1) from a statement about
the exponent of the discriminant, which is related to the ordinate of the point above 1, to
the ordinates of all points.

Lemma 3.6. Let R, be the ramification polygon of ¢ as in Lemma 5.5. Then for each point
(p%, J;) where J; = amn + b; with 0 < b; <n — 1,

min {vw< _)n,vﬂ( )n} < J; gvﬂ( )n
p* p* p*
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Proof. The k = n term of Equation (2) is

Ji<n [vﬂ ((pfi)cpn> — 1} +n= vﬂ(pfi)n.
If b; # 0, then by Lemma 3.5, v (¢p,) = a;+1—v, (pb) So nv, (s, )+b; = na;+n—nw, (;;Z.)+bi
and nvg(gp,) + b —n + nug (;’;Z) = na; + b; = J;. As @ is Eisenstein we have v, (gp,) > 1,
hence nv,(¢p,) —n > 0. This combined with b; > 0 gives us that

b, b; b;
Ji =nvg(pp,) +b; —n+ nvw( Z_) > b; + nvn( z.) = nvﬂ( Z.>'
P p* p

If b; = 0, then the minimum term of Equation (2) defining J; must be such that k|n, which
only occurs in the £ = n term, so J; = v, (pfi)n, which is less than v, (pgi)n = 00. [

Lemma 3.7. Let R, be the ramification polygon of an Eisenstein polynomial ¢ € Oglz]
with points
ch = {(17 J0)7 (p$17 J1)7 R (p5u717 Ju—l)a (psua O)7 R (n7 0)}7
but no point with abscissa p*, where s; < i < s;.1 for some 1 <t < u. Then for k such that
p'<k<mn,
1| Jor — o, k
valipn) > = | L ey 4 g — ’f] o <p>

n p5t+1 — pst

Proof. If there is no point on R, with abscissa p’, then the point (p’, v,(p,i)) must be above
the segment from (p*, J;) to (p®*+', Jy11). Thus, p{fﬂ:;ﬁt (p" — p*) + Jp < va(pyi), and so by

Equation (2), for k in p* < k < n,

Jov1 — Sy k
—:H ; (P =p*)+ iy <n {vw (( z) gpk) —1] + k.
prtt — pot b

Solving for v, (py) provides the result of the lemma. O

We collect the results of Lemmas 3.5 and 3.7 to define functions Iz (i, s) for 1 < s < s,
and p® < i < n that give the minimum valuation of ¢; due to a point (or lack thereof) above

p°® on the ramification polygon R, of ¢. By taking the maximum of these over all s, we
define L (i) so that v,(¢;) > Lg, (i) for 1 <i<n —1.

Definition 3.8. Let R, be the ramification polygon of ¢ with points
Rép = {(17 JU)? (p817 J1)7 sy (psu_l7 Jufl)a (psua O)? ceey (77/, 0)}7
and where J; = a;n + b; with 0 < b; <n —1. For 0 <t < u, let
max{2 + a; — v, (piz), 1} ifpot <i <y,
l7?,<p (27 St) =

max{1 + a; — vﬁ(pit), 1}y if i > by

If there is no point above p* with s; < w < s411, then for p¥ <i <n —1, let

. B ]_ Jt+1 - Jt w St k
lnxuw>—an{[g[;;Tr;§@ F y+L'_4'+1_U”QW)1J}
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Finally, set

1 ifi=0
Ly, (i) = § max{lg,(i,t) :p' <i} if1<i<n-—1
0 ifi=n

So far we have described many necessary conditions for ramification polygons. We now
propose a necessary and sufficient description of a ramification polygon of an extension.

Proposition 3.9. Let P be a convex polygon with points

7) - {(17 JO)? (p817 Jl)v ] (p&kla u—l)? (psuao)a ] (n70)}7

where J; = a;n+b; with 0 < b; < n—1. There is an extension L/ K with ramification polygon
P, if and only if

(a) For each J;, min {vﬂ (;ﬁi)n,v7r (pfi)n} < J;, <, (pfi)n.

(b) If b; = by, then a; = ax — vy (pi’k) + vy (pl;i) where b; = by,.

(¢c) For each point (p*,amn + b;), we have that
Lba—oe(ys) + () ifp <bi<b

pt pi
a; > " ) '
ar — Vg (I,;t) + <p§i) if bi > by

for all other points (p*t, J;) with J, = a;n + by # 0.
(d) If there is no point of P above p', with s; < i < si11, then for each point (p**, axn—+by)

of P with b, > p',
—vﬁ<bkf) —i—vﬂ(bk).
P’ Dk

1| Jypr—
- t+1 t (pz . psz) + Jt . bk:
(e) The points with abscissa greater than p* are (i,0) where vy (") = 0.

ap >

n p3t+1 — pst

Proof. Suppose P is the ramification polygon for L/K with generating Eisenstein polynomial
¢. Assumption (a) follows from Lemma 3.6. If b; = by, then by Lemma 3.5
bi) :ak—i—l—vﬁ(bi).

p%i pk

Ur(p0) = @i + 1 — e (
Thus a; = ar — v, (p’;k) + Uy (;;’ ), giving us assumption (b). Let (p®, a;n + b;) be a point of

i

P, then by Lemma 3.5, we have that for all other points (p®, J;),

bi) 2+at—v7r(;’;t) for p® < b; < by
] >
D%

Ur(pp,) = a; +1 — vﬂ(
14+ a — vw(;;'t) for b; > b,

from which we see assumption (c). If there no point of P above p', with s; < i < s;;1, then
by Lemma 3.7, for each point (p*,a;n + b;) of P with b; > p’,

b; 1| Jopr =, b;
Yo L2y 1),
b pott —p p

n
from which we have assumption (d). Assumption (e) is given by Lemma 3.4. Thus, if P is
a ramification polygon of an extension L/K, then these properties are necessary.
Next we will show sufficiency by constructing a polynomial ¢ (z) = > ¢x° € Og[z] such

that R, = P. First, we let ¢,, = 1 and 1)y be an element of valuation 1 in Og. For each point
8
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(p®, a;n+b;) in P, with b; # 0, let ¢, be an element of Ok with valuation 1+a; — v, (pb) By
assumption (b), 1, is well defined even if it is given by multiple points as those definitions
coincide, and by assumption (a) we have that v, (1) > 1. If ¢; in 0 < j < n is not assigned
by some b;, we set ¢; = 0. We now have an Eisenstein polynomial ¢, and we proceed by
computing R.

Let Ry be the ramification polygon of v, the Newton polygon N of the ramification
polynomial p(z) = ¥(ax + a)/(a") € K(«a)[z], where a is a root of 1. Let p(z) = > piz’.
Let B be the set of nonzero b; in the points of P. For all 0 < i < n with i ¢ B, v:(¢;) = o0,
so we can simplify Equation (2) by only needing to consider terms k € BU {n} to

-, o () )]} ()}

Substitution of our values for v, (¢s,) gives

) ) by by n
Va(p;) = min min nlag — vy +v.| . + b o, nug| . )
{(p%k, Ik )EP b >i} pok 7 )

Consider (p%,a;n+b;) € P and let us find v, (ppsi ). For B = {(p®*, Ji) € P : by, > p*} we
have

(3)  valpp) = min {mgn {” [ o (;) o (2)} ’ b’“} o (pD }

If b; # 0, then the by = b; term in the minimum is a;n + b;. For (p®, axn + by) € P with
p* < by, < b;, by assumption (c), we have ar, > 1+ a; — v, (;’;‘;) + (;’2) Thus, for all of the
terms of (3) with p* < b, < b;,

b b
n [%—m(pfk) +vﬂ(pf)} + bk > n[l+a] + by > ain + b,

by
pi

For points (p®, axn + by) on P with by > b;, by assumption (c), we have a, > a; — Uﬂ-( ) +

(b’jc) Thus, for all of the terms of Equation (3) with by > b;,
p

n {ak —vﬂ<bk) +vﬂ(bkv)] + b, > an+b, > an+b;
Dk D%

Thus v,(pps:) = min {am + b;, nu, (pfi) }, which is a;n + b; by assumption (a). On the other
hand, if b; = 0, then a; = v, (pfi), and for all of the terms of the inside minimum of Equation

(3), as ar > a; — v, (;”“) + (:s’“k), we have

b b
n {ak—vﬁ( k) +U7r< k)} + b, > a;n+ b > ain:nvﬂ(n>
Pk ¥ p*

S0, Ve (ppsi) = a;n, and all of the points of P are points of R.
Suppose there is no point on P with abscissa p® for some i with s, < i < s,,1. We take
assumption (d)

1 Jog — S, b b
ak>—l—t+1 t(pl—pst)jtJt—bk}—vw<k.)—|—v,r( k>,
n pst+1 _pst pz psk
9



and substitute it into Equation (3). After simplifying we get

1 : Jt+1 - Jt . n
Va i) > min min s TG 2o S J o, '
<'0P ) {{(Psk,Jk)E’P:bk.>pSi} {pStJrl _ pst (p p ) + J; psi

As the v,(p,i) must be greater than the ordinate above p’ on the line segment between
(p*t, J;) and (p*+', J;41), there is no point on R, with abscissa p’. Finally, by Lemma 3.4,
R has points satisfying assumption (e). Thus R, = P. O

Using the conditions of Proposition 3.9, we can enumerate all possible ramification poly-
gons for extensions over a p-adic field with given degree and discriminant. Such an algorithm
is described in [22].

Proposition 3.10. An FEisenstein polynomial o has ramification polygon R with points

R = {(17 J0)7 <p517 Jl)? R <p5u—17 J’u,71>7 (psu7 0)7 R <n7 O)}J
where J; = a;n + b; with 0 < b; < n — 1, if and only if
(a) vr(pi) = Lr(i)
(b) For 0 <t <w, v:(pp,) = Lr(b) if by # 0.
where Ly 1s as defined in Definition 3.8.
Proof. 1f ¢ has ramification polygon R, then this is the result of Lemmas 3.5 and 3.7.
Suppose ¢ satisfies these assumptions and p is the ramification polynomial of . If

(p°t, Jy = ayn +b;) is a point of R, then substitution of iz (k, s;) for v, (¢x) into Equation (2)
gives us

Vo (ppse ) = min { min, {na; + n+ k}, btrélégn{nat + k},no, <p3t) }

Pt <k<by
If b, = 0, then this reduces to

: n n
Va(ppst) = min {nat—i—n—i—pst,n%( )} :nvﬂ( ) = J,.
Pt D

as na; +n+p* > J = nvw( ”t), by Proposition 3.9 (a). If b; # 0, then this reduces to

ps
. n
Va(ppsr) = min {nat + bt,mjw( t) } = na; + by = J;
ps

as J; < nug (p’jt), by Proposition 3.9 (a). So R, contains the points of R.

If there is no point on R with abscissa p’, with s, < i < s,,1, then for k in p* < k < n,
Ly — e k
- {p—sm _pst(p —p)+ k| +1 -, )

Some algebraic manipulation of this inequality gives us

Jo1—Jy k
S —p) S < [vw (( ) wk) —1} +k,
pi+t — p p

which shows that v, (pp) = ming<x<, {n [vﬂ ((;) <pk> — 1} + k} is greater than the value

Uﬁ(gﬁk) > ZR(/{?,Z) >

above p’ on the segment from (p*, J;) to (p+', Ji11). So there is no point on R, above p’,

and thus R, = R. O
10



Va(pi)
(1,10)

|
ot

Ra

FIGURE 2. Possible ramification polygons of extensions L of Q3 of degree 9
with vg(disc (L)) = 18: Ry = {(1,10),(9,0)}, R2 = {(1,10), (3,3), (9,0)}, and
733 = {(17 10)7 (37 6)7 (97 0)}

Definition 3.11. We call a polygon R with points

R = {<17 JO): <p517 Jl>7 ] <psu,1’ Ju71)7 (psu’ 0)7 ] (Tl, O)},

that fulfills the conditions of Proposition 3.9 a ramification polygon. We call the function
¢r : R70 = R> X = ming<i<u { £ (J; + Ap*)} the Hasse-Herbrand function of R.

Remark 3.12. The function ¢x in Definition 3.11 agrees with the connections between the
ramification polygon and the Hasse-Herbrand transition function as observed in [10, 9]. Note
that these works define the ramification polygon as the Newton polygon of ¢(z + «). For
normal extensions L/K, our function ¢r agrees with the classical ¢k defined in [21, 3].
For non-Galois extensions, our function agrees with the transition function for ramification
sets defined by Helou in [7].

Example 3.13 (Example 2.4 continued). There are three possible ramification polygons
for extensions L of Q3 of degree 9 with vs(disc (L)) = 18, namely Ry = {(1,10),(9,0)},
Re ={(1,10),(3,3),(9,0)}, and R3 = {(1,10),(3,6),(9,0)} (see Figure 2).

Since by Lemma 3.5 we have v(y3) = 17, the polynomials ¢ generating extensions with
ramification polygon R, are given by:

9 8 7 6 5 4 3 2 1 0

st{oy {oy  {o} {0y {o} {0} {o} {0} {0} {0}
{0} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2}
321{0} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {1,2} {0,1,2}
sh{o} {oy {0} f{o,1,2} {o} {0} {1,2}* {0} {0} {12}
91y {0} {o} {0} {op {oy {0} {0} {0} {0}

w
w

4. RESIDUAL POLYNOMIALS OF SEGMENTS

Residual (or associated) polynomials were introduced by Ore [15]. They yield information
about the unramified part of the extension generated by the factors of a polynomial. This
makes them a useful tool in the computation of ideal decompositions and integral bases

[5, 12, 13] and the closely related problem of polynomial factorization over local fields [6, 18].
11



Definition 4.1 (Residual polynomial). Let L be a finite extension of K with uniformizer c.
Let p(z) = Y, pix" € Oglx]. Let S be a segment of the Newton polygon of p of length | with
endpoints (k, va(pr)) and (k + 1, v4(pr41)), and slope —h/e = (va(pr41) — va(pr)) /I then
l/e
A) = 3 pressad™ )3 € Kol
=0

is called the residual polynomial of S.

Remark 4.2. The ramification polygon of a polynomial ¢ and the residual polynomials of
its segments yield a subfield M of the splitting field N of ¢, such that N/M is a p-extension
[1, Theorem 9.1].

From the definition we obtain some of the properties of residual polynomials.

Lemma 4.3. Let L be a finite extension of K with uniformizer a. Let p € Oplx]. Let N
be the Newton polygon of p with segments Sy, ...,8; and let Ay, ..., A, be the corresponding
residual polynomaials.
(a) If S; has integral slope —h € Z with endpoints (k,va(px)) and (k + 1, va(prt1)) then
Ai(z) = Zé:o piredt PR g7 = p(alz)a vl gl e Kx].
(b) If for 1 < i < {—1 the leading coefficient of A, is denoted by A
the constant coefficient of A;,y then A; o5 4 = Az+1,0-
(c) If p is monic then A, is monic.

A deg A, and Az‘+1,o s

From now on we consider the residual polynomials of the segments of a ramification
polygon. From the definition of the residual polynomials and Lemma 3.4 we obtain:

Proposition 4.4. Let ¢ € Ok|x] be Eisenstein of degree n = p"ey with ged(p, eg) =1, let «
be a root of ¢, p the ramification polynomial, and R, the ramification polygon of ¢.
(a) Ifeg # 1 then R, has a horizontal segment of length p” (eg—1) with residual polynomial
A=3" P At where A, = (Z) # 0 if and only if v, (7) = 0.

(b) If (p**, Jk), ..., (p", Ji) are the points on a segment S of R, of slope —%, then the
residual polynomial of S is

Z P 1 Ji pPi—pR) /e _ Z ©b, —ain—n ,.(p*i—p°k)/e
p 74

We now give criteria for the existence of polynomials with given ramification polygon R
and given residual polynomials.

Proposition 4.5. Let n = p"ey with ged(p,eq) = 1 and let

R = {(17 J0)7 (p817 J1)7 M) (p8k7 Jk): ] (pTv 0)7 M (pr€07 0)}

be a ramification polygon. Write J, = an + by with 0 < by < n. Let &1,...,8p be the
segments of R with endpoints (p¥, Jy,) and (p",J;,) and slopes —h;/e; (1 < i < (). For
L <i < (et Ayr) =0 /elA al € K.

There is an Eisenstem polynomml of degree p"ey with ramification polygon R and segments
Sy, ..., S with residual polynomials Ay, ..., A, € K[z] if and only if

(a) Ai,degéi = A1 for1<i </,
12



(b) A, # 0 if and only if j = (q — p™)/e; for some q € {p*,...,p"} with ph < q < ph,
(c) if for some 1 <t,q < u we have by = b, and sy, < s; < 55, and s, < 54 < 51, then

-1 ag—at
A‘( st—p°ki)/e; (bstt) (pZtQ) (—0)™ Aj,(Psq—PSkj)/ej'

Proof. Suppose that ¢ is an Eisenstein polynomial of degree p"eq with ramification polygon
R and segments Sy, ..., S, with residual polynomials A,,..., A, € Klz]. Property (a) is
given by Lemma 4.3 (b) and property (b) is given by Proposition 4.4 (b). To establish
property (c), suppose that for some 1 < ¢,¢ < u we have b, = b, and s, < s, < 5, and
sk; < 8¢ < 51, From Proposition 4.4, we have that

b —an—n b —agn—n
Ai7(Pst —pki )/ei = Pb (pstt) ' and A] (p®e p kj )/e; = Pbq (psqq) a :
As b, = by, we have that ¢, = 5, . Since

agn+tn

b\~ amdn _ _ by \ L
Ai,(pstfps’“i)/ei (pst) a = Pbe T Py T Aj,(psquskj)/ej (psq) @ ’
we have
bt by \ ! ag—a
A, i, (pot—p*i) Je; — ( St)(pstq) (=%0)* tAj,(qufpskf)/ej'
Conversely, suppose that R is a ramification polygon with segments Sy, ..., Sy with resid-

ual polynomials A,,..., A, € K[z] with properties (a), (b), and (c) of the proposition. Let
Y € Ogla] with Yer = 1, v:(19) = 1, and

b\ T
ybtﬂﬂt*vr(jsi):é(% —p'ki) /e (pst) (—to1) 17 (%)

for i with pki < p*t < pl for each point (p*,a;n + b;) in R. For v to be well defined, we
must check that the same coefficient is not assigned different values. Multiple assignments
occur at vertices (when one point contributes to two A;) and when multiple points have the
same b;. If (p®, ain + by) is a vertex of R, then we have

bt B at+1,_vr bst
ybt,l—i-at—yﬂ(pztt) = A( St P ki) /e; (pst) (—1/}0’1) ttior (p t)

b\ o (
= Ai+1,(p5t *pskiJﬁl Y/€eit1 (p5t> (_770071)(%-"—17.‘. (p t) .

Cancellation gives us Ai,(pst—pski)/ei = AHL(pSt ) ey As a vertex, p* is the abscissa of
both the right endpoint of S; (p® = p**) and the left endpoint of S;11 (p™i+1 = p**). Thus
(p* — p°*i)/e; = deg A; and (p** — p™i+1)/e;41 = 0. So, Ai,degéi = A, 10, which is property
(a). On the other hand, if for some 1 < ¢,¢q < u, we have b, = b,, with s, < s; < s;, and
Sk; < Sq < 815, then let b = b, = b, and we have

b\ ! b
= at+1_vrl s
Uy travn () = Dires™ )/%(pa) (=) (o)

b\ ! b
. oyt
yb,lﬁ-aq_vﬂ (pgq) Aja(psq -p ki )/e;j (psq) ( 77/}071) ot
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As R is a ramification polygon, by Proposition 3.9 (b), b, = bq implies that a; = a, —
Un (pfq) + vy (pl;t), so we have that 1+ a; — v, (pl;t) 14+aq— vﬂ( ) These two assignments
of coefficients of 1, set the same coefficient, and by property (c ) they have the same value.
Thus, v is well-defined, and we have set at most one m-adic coefficient for each polynomial
coefficient.

By property (b), none of the assigned coefficients are zero and no others are non-zero.
Thus, v (1y,) =1+ a; — vﬂ(b ) and as per the construction in the proof of Proposition 3.9,
1 is an Eisenstein polynomlal with ramification polygon R.

Next we consider the residual polynomials of the segments of R as given by . Let S; be a
segment of R containing points (p®, Ji), ..., (p*, J;) of slope —h;/e;. Let A} be the residual
polynomial of §;. From Proposition 4.4, for each point (p*, a;n + b;) with s < s, < 57, we

get
A*(pst p wbt( 3t> 7atn7n.

We need the right side to reduce to our intended value. By our assignment,

by
ybt - Aiv(pst 7p8ki )/e’b <pst

With o™ ~ —=Nga)/x (@) = =g ~ =117 we get
A ) L

Ay e )/ez(bt) 1(_¢071)at+1ﬂ_’uﬂ(pbstt) L+as—vn (4, )(bt)<_w0’1ﬂ_)—at—1

pst

-1
) (—4o,0) " (p#e) rtrae—ve (%)

from which cancellation gives us our desired result Az(pst,psk) e = Ai (pot—poi) e O

4.1. The invariant A of L/K. We introduce an invariant of L/K, that is compiled from
the residual polynomials of the segments of the ramification polygon of ¢. From the proof
of [1, Proposition 4.4] we obtain:

Lemma 4.6. Let ¢ € Oklz]| be Eisenstein and « a root of ¢ and L = K(«). Let S be a
segment of the ramification polygon of ¢ of slope —h/e and let A be its residual polynomial.
Let B = da with v,(9) = 0 be another uniformizer of L and 1 its minimal polynomial. If
Yys---s7,, are the (not necessarily distinct) zeros of A then zl/éh, e ’Zm/éh are the zeros
of the residual polynomial of the segment of slope —h/e of the ramification polygon of 1.

Thus the zeros of the residual polynomials of all segments of the ramification polygon
change by powers of the same element § when transitioning from a uniformizer o to a
uniformizer da. With Proposition 4.5 we obtain:

Theorem 4.7. Let Sy, ..., S, be the segments of the ramification polygon R of an Eisenstein
polynomial ¢ € Oklz]. For 1 < i < { let —h;/e; be the slope of S; and A, its residual
polynomial. Then

(4) A= {(75,1A1(éh1x)7 s 775,5AZ<éhzx)) : é € KX}

_ 5—hg deg A, 5—hi deg A,

where s , and Ys; = V5410

extension K[z]/(p).

i for 1 < i < € —1 1is an invariant of the

14



Example 4.8. Let p(z) = 2% + 623 + 92 + 3. The ramification polygon of ¢ consists of the
two segments with end points (1, 10), (3,3) and (3, 3), (9,0) and residual polynomials 1+ 2x
and 2 + 3. We get

A={1+22,2+2°),(1 +x,1+2°)}.

4.2. Generating Polynomials. We show how the choice of a representative of the invariant
A determines some of the coefficients of the generating polynomials with this invariant.

Lemma 4.9. Let ¢ € Ok|z] be Fisenstein of degree n. Let S be a segment of the ramification
polygon of ¢ with endpoints (p°*, axn+by) and (p*, an+b;) and residual polynomial A(x) =

;’1;10% Ajxl € Klz]. If (p*, am+1b;) is a point on S with b; # 0 then the leading coefficient
©p,.5 of the m-adic expansion of y, is

b\ 1 a;+1_vr bsii
@y ;= Apripnyse(phs)  (—po)™ (%)

where j = a; + 1 —vﬂ(bi.).

poi

Proof. By Lemma 3.5, v,(p,) = j and by Proposition 4.4

l
A(I) - Z b, (;:i)a_am_n G e
i=k

Thus A _psiyse = b (;ﬁi)a*a""*”. With a" ~ =Ng )k (@) = —po ~ —po1m we get

—a;—1

Aei—pory e = Pb (zf;i)(_%)

As by Lemma 3.4 v,(pp,) = va(ppsi) — va(;;) — b, +n = an+b — va(;;i) —b+n =
bs
n(a; + 1) — v, (pb) we have p, ~ gpbhjwa#l_v"(z?si). Therefore
i —Ur b.si-
A _pyje = @b () (—poam) 4w (%)
_ —a;—1(b; —U‘rr(l;ii
- fbi,j(_fo,l) (psi>7T ! )
O
A change of the uniformizer o of L = K(«) to dar with v(d) = 0 that determines the
representative (A;,...,4,) € A also effects the constant coefficient of the generating poly-

nomial. Namely since L/K is totally ramified we can find v € K such that 6 ~ 7. Now if
the Eisenstein polynomial ¢(z) = 2" + 321" ;2 € Okl[x] is the minimal polynomial of a
then

n—1

n T n n—i, 1.

Y(x) =7 90(;) =a"+ > oy,
=0

with 991 = 7", is the minimal polynomial of yo.
Lemma 4.10. Let p € Oklz] be Fisenstein of degree n and Sy : K — K, a — a”".
(a) If and only if 0 € Sy(K), there is ¢ € Ok[z] Bisenstein with ¢ = = 0y, such that
K[z]/(¥) = Klz]/(¢).

15



(b) If n = p" for some r € Z7° then S, is surjective and there is 1 € Ok[x] Eisenstein
with ¢ =1 such that K[z]/(¢)) = Klz]/(¢).

This corresponds to the reduction step 0 in Monge’s reduction [I1, Algorithm 1]. If
n = p'ep with ged(p,ep) = 1 then o4 determines the tamely ramified subextensions of

K{z]/(¢), that can be generated by ¢ + @ 7.
If we fix g1 then the set of representatives of A becomes

(5) A = { (1514, (0"2), ..., 150 A (07w)) 16 € KX, 5" =1}

where s, = 6" A and s, = v5,010 198 4i for 1 <4 < £ — 1. Thus fixing g, yields a
partition of A. Also, if n is a power of p then A* contains exactly one representative of A.

Remark 4.11. Let R be a ramification polygon and let A,,..., A, € K[x] satisfying Propo-
sition 4.5. Let A as in Theorem 4.7 and A = A" U--- U A** be the partition of A into sets
as in Equation (5). Let v € K*. Then there is no transformation da of the uniformizer «
of an extension with R and residual polynomials in A* for some 1 < i < k generated by
¢ € Oklz] with ¢ o1 =7 such that the residual polynomials of the segments of R, = R is

not in A*. Thus the construction of generating polynomials for all extensions with R and
A can be reduced to constructing polynomials with residual polynomials in the sets A*.

Lemma 4.12. Let (A,,...,4A,) € A*. If € Oklx] is a polynomial with residual polynomials
in A*, then there is a polynomial ¢ € Ok[x] with residual polynomials (A, ..., A,) such that

Klz]/ () = K[z]/ ().
Proof. Let Al, ..., A, be the residual polynomials of ¢. As (A],..., A}) € A* there exists a
0 € K* with ¢" = 1 so that

(Ala cee 7A£) = (76,14/1(éh1x)7 s 7’75,44/6(&%33)) .

where 5, = 67" deg4; and V5.4 = Vsir10 i degd; for 1 << —1.
Let a be a root of ¢ and ¢(z) = §")(d~'z) be the minimal polynomial of da. This gives

us that K[z]/(v) = Klz]/ ().
Let us find the residual polynomials of ¢. From Proposition 4.4, we have that the residual

polynomial for a segment S; of slope h/e with endpoints (p**, Jy, = ag,n+bg,) and (p%, J;, =
an +by,) is

l;
bi\ . —ajn—n .(p%i—p°ki)/e
: : (pbj (psj)a ! r :

Performing our substitution we have that this polynomial is

l;
D 8"y () (B) om0 = Zé“ e AL = 26 hAL.
J=k;

Next, let us perform the deformation of A, by 0. First, we consider ~v;;. Notice that for
the A}, the residual polynomial of the segment S; with endpoints (p**, J;,) and (p®:, J;),

G ifi=1

. / (i ki _ _ . .
éfhldegéi :é)\l(p p i) :é‘]li i, — é‘]lz‘ Ji, 4 if 2 <i< /.

é*‘]lefl = éf‘]ke ifi=1/¢
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This shows us that for 1 <i < (=1, v5; = V54110 ™ deg i — §/% and in general, Voi = &I
So the deformation of A’ by ¢ is

J=k;
IS )
J=ki J=ki
Thus, ¢ has residual polynomials (A4,,...,4,) and K[z]/(¢) = Klx]/(¢). O

0)}. There are two

: (
Example 4.13 (Example 3.13 continued). Let Ry = {(1 10), (3, 3), (9,
)} (compare Example

choices for the invariant A, namely Ay ; = {(1+2x,2+23), (1+z,1+x
4.8) and Agp = {(2 + 22,2+ 23), (2 + 2,1 + 23)}.

By Lemma 4.10 all extensions of Q3 with ramification polygon R can be generated by
polynomials ¢ € Zs[z] with g9 = 3 mod 9*. Fixing ¢y, = 1 gives the partition Ay; =
Ash U A% with A5 = {(1+ 22,24 2°)} and A5% = {(1+ 2,1+ 2°)}.

For the generating polynomials of the fields with A;}l by Lemma 4.9 we get, from the
point (1,10) = (3%,1-94 1) on R, that ¢ = 1* and from the point (3,3) = (3',0-9+ 3)
on Ry that 3, = 2F. The polynomials given by R, and A*! are described by:

z? z® x7 z8 x5 x? z3 z? z! z0

st{oy  {oy  {o}  {or {0} {o} {op {0} {op {0}
331{0} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2}
32{0} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {0,1,2} {1}* {0,1,2}
st{oy {0} {0} {o,1,2} {o} {0} {2}t {0}  {o} {1}
1 {op {0} {or {op {o} {op {0} {op {0}
By Remark 4.11 proceeding as above with A3? yields a template for generating polynomials
for the remaining extensions with ramification polygon R and invariant A.

9
)

5. RESIDUAL POLYNOMIALS OF COMPONENTS

We now apply some results of Monge [11] to reduce the number of polynomials that we
need to consider to generate all extensions with given invariants.

Definition 5.1. Let A/ be a Newton polygon. For A € Q we call
My = {(k,w) EN | Mk +w =min{\ +u | (l,u) € N'}}
the A\-component of N.

Remark 5.2. If N has a segment with slope A then N, contains that segment. Otherwise
N, consists of only one point.

To each component of integral slope of a ramification polygon we attach a residual poly-
nomial.

Definition 5.3. Let ¢ € Ok[x] be Eisenstein, a a root of ¢, p the ramification polynomial
of ¢, and R the ramification polygon of ¢. For A € Z>° the residual polynomial of the

(—A)-component of R is
5,(a) = p(a’z), cont, (p(a’x))
17




where cont, (p(e*z)) denotes the highest power of v dividing all coefficients of p(a*z).

The quantity cont, (p(a™z)) only depends on the ramification polygon. Namely if p(x) =
Sor pixt we have p(atz) = 31 pi(etz) =30 pi(a?)iz? and obtain
ner(A) = Oréliignnv(pi) +iA = contq (p(a*z))
for the Hasse-Herbrand function ¢x of R (Definition 3.11). Thus [I 1, Proposition 1] yields

ngr(A) = contq (P(O/\x)) = nor/k(A).

To calculate ngr(\), we only have to take the minimum of the v(p;) + i\ for the points
(v(p;),1) on the polygon. For p* < i < p*™' we have v, (pps) < va(p;) (Lemma 3.2 (¢)) and
p® < i, which gives us that v, (pps) + p°A < va(pi) +iA. This demonstrates the formula for
¢r from Definition 3.11.

Lemma 5.4. Let R be the ramification polygon of ¢.

(a) If R has a segment S of integral slope —m € Z, with left endpoint (k,w) and residual
polynomial A then S, (x) = 2*A(x).

(b) If R has no segment of slope —m € Z then S,,(x) = 27" where 0 < s < v,(n) such
that v(pps) + p° - m = Ming<,<y, () V(Ppr) + D" - M.

(c) For all m € Z>° the residual polynomial S,, of R_,, is an additive polynomial.

(d) S, : K — K is F,-linear.

Proof. (a) By Remark 5.2 the component R(_,,) contains S and by Remark 4.3((a))
S(@) = 2*A(z).

(b) As mentioned in Remark 5.2 AM(_,,) and R only have one point in common. By
Lemma 3.2 this point is of the form (p°®,v(pps)). It follows from Lemma 3.2 that if
the ramification polygon R of ¢ has no segment of slope —m then

v (conty(p(a™x))) = Orélilgnnv(pi) +i-m= o uin v(ppr) +p"-m
and S,,(z) = 2" where 0 < s < v,(n) such that v(py: ) +p*-m = ming<,<q, (n) V(Ppr) +
p"-m.

(c) By Lemma 3.2 the abscissa of each point on R is of the form p°. Thus the residual
polynomial of R(_,,) is the sum of monomials of the form zP” which implies that S,
is additive.

(d) Is a direct consequence of (c).
U

We now investigate the effect of changing the uniformizer o of K(«) on the coefficients of
its minimal polynomial (compare [! 1, Lemma 3]).

Proposition 5.5. Let ¢ € Og[x] be Eisenstein of degree n, let a be a root of ¢ and let p be
the ramification polynomial of . Let B = o+ ~vya™ where v € L = K () with v(y) = 0 be
another uniformizer of L and ¢ € Oklx| its minimal polynomial.

(a) If 0 < j <mn and j = v, (p(ya™)) mod n then p; —1; ~ a"p(ya™)

(b) If 0 < k <n and k = v,(cont,(p(a™z))) mod n then

(¢x — vi)/(a" " contq (p(a™x))) = S, (7).
18




Proof. (a) By Definition 3.1 we have

(6) Z(% — i)' = ¢(B) —¥(B) = (B) = a"p(B/a — 1) = a"p(ya™).

Since v (p;) € Z and v (¢;) € Z and v.(8") = £ we have

Ur (Z(% - ¢i)5i> = ngzgiil_lvw ((pi = i)Y -

=0

Thus for 0 < j < n and j = v, (p(ya’™)) mod n we have ¢; — 1, ~ a"p(ya™).
(b) Dividing Equation (6) by a™ cont,(p(a™z)) yields

( (8) — ¥(B) ):( a”p(ya™) >:§m<z>.

a™ cont,, (p(amzx)) a™ cont, (p(a™zx))

For 0 < k < n with k£ = v(cont,(p(a™x))) mod n we get

(¢n — i) B*/(a" conta(p(a™x))) = S, (7).
With 8 = a mod (a?) we obtain the result.

O

5.1. Generating Polynomials. Using the results from above we can reduce the set of
generating polynomials with given invariants considerably. We show how the coefficients of
a generating polynomial can be changed by changing the uniformizer. The coefficients that
we can change arbitrarily this way we set to 0, thus reducing the number of polynomials to
be considered.

Corollary 5.6. Let ¢ € Oklx] be Eisenstein of degree n, let o be a root of , let L = K(«),
and let p be the ramification polynomial of ¢. Let m € Z7°, ¢ = vy(conty(p(a™z))), 0 <
k < n with k = cmod n, cmclj:”_—kJrc
(a) If 6 € S,,(K) then for the minimal polynomial 1 € O[] of B = a + ya™! where
7 E S1({8}) we have %w‘ = — 9.
(b) If S,, : K — K is surjective we can set § = P and obtain %kj =
(c) If S,n(7) = 0 and d = va(a™p(ya™)), 0 < I < n with | = dmod n, and i = =44
then ¢, . = ¢, — 7' p(ya™).

The next Lemma follows directly from Corollary 5.6.

Lemma 5.7. Let ¢ € Ok[x] be Fisenstein of degree n, R its ramification polygon. Assume
there is m € Z>° such that k = ne¢r(m) modn and j = % and let S,, be the
residual polynomials of R(—m).
(a) If S,, is surjective then there is an Eisenstein polynomial 1 € Oklx] with 1y ; = 0
such that K|x]/(v) =2 K(«).
(b) If ¥ € Oklz] has the same ramification polygon with the same residual polynomials

as @ and pr; — i ¢ S, (K) then Kl[éﬂ]/ (¥) % Kx]/(¢).



Example 5.8 (Example 4.13 continued). The ramification polygon R, = {(1, 10), (3,3),(9,0)}
has no segments with integral slope. We get S; = 23, S, = 23, and S5 = 23, with 9¢(1) = 6,
9¢(2) = 9, and 9¢(3) = 12. Thus g1 = 07, o2 = 0, and 3, = 0. Furthermore
S,, = x with 9¢(m) = 10 + m for m > 4. Thus by Lemma 5.7 we can set ¢ ; = 0F for
k493 —1)> 14,

For the generating polynomials with A;}l we get the template:

Y 8 x’ x5 ° xt 3 x? ! 20

sgti{oy {o} {oy {op {o} {o} {0y {or {0} {0}

31 {0} {0} {o}* {o}* {o}* {o}* {o}* {0} {o}* {o}}

32| {0} {o}* {o}* {0} {o}* {0,1,2} {o}' {0,1,2} {1} {o}f

3t {0} {o} {oy {0}t {o} {0} {2y {0} {0} {1}

391 {1} {o} {oy {o} {o} {0} {oy {0} {0} {o}
Since changing the uniformizer cannot change ¢,5 and @49 independently from the other
coefficients of ¢ we obtain a unique generating polynomial of each extension with ramification
polygon Ry and A3}

6. ENUMERATING GENERATING POLYNOMIALS

We use the results from the previous sections to formulate an algorithm that returns
generating polynomials of all extensions with given ramification polynomials and residual
polynomials. In certain cases this set will contain exactly one polynomial for each extension.

Algorithm 6.1 (Al1ExtensionsSub).

Input: A 7-adic field K, a convex polygon R with points (1,agn + by), (p°*,ain +
b1),. .., (p™, ayn + b,) = (p*,0),...,(n,0) satisfying Proposition 3.9 where 0 <
b <nforl<i<wu=u,(n),Si,...,S the segments of R, a representative J, of
a class in K*/(K*)", and A,,..., A, € K[z] satisfying Proposition 4.5.

Output: A set that contains at least one Eisenstein polynomial for each totally ramified
extension of degree n, that can be generated by a polynomial ¢ with ramification
polygon R, 2 dy, and residual polynomials A, ..., A,.

(a) c+ [142a9+ 2] — 1 [Lemma 2.3]
(b) Initialize template (7; ;)o<i<n—1,1<j<c With 7, ; = {0} C K
(¢c) For0<i<n—1land Lg(i) <j<c [Definition 3.8]

n—it+nér(m) .

e If there is no m € Z”° with i = ngg(m) mod n and j = -

O Ty (-K

(d) For 1 <m < L(a1n+b;2:£?0n+bg)J:

- . n—itngr(m)
® i < nor(m)mod n, j - —— B

e 7,; + R where R is a set of representatives of K/9,,(K). [Lemma 5.7]
(e) For 1 <i<u:
e Find a segment S; of R such that (p*, a;n + b;) is on S;.
e j—ua;+1 —UW(;;Z.)
® Tj < {At,(psifpsk)/e(_éo)ai—i_l (;sii)_lﬂvﬁ(”bsz")} : [Lemma 4.9]
where (p*, ain + by,) is the left end point of S; and —h/e is the slope of S;.
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(£) 701 = {do} [Lemma 4.10]
(g) Return {x” +3 (Z;Zl sDi,ﬂrj> z' € Oklz]: ¢;; € Ry such that ©,. € Ti7j}

As is evident from the following example Algorithm 6.1 may return more than one gener-
ating polynomial for some extensions.

Example 6.2. The polygon R = {(1,10), (3,6), (9,0)} has segments with slopes =2 = —2

and % = —1. With the choice g = 3 mod 9 the possible pairs of residual polynomials

are A3; = {(2+ 23,1+ 29}, Aso = {(2+ 22%,2 4+ 2%}, A33 = {(1 + 222,2 + 2°%)}, and
A374 = {(]_ —|— ZE2, 1 + IL‘6)}

For A3, = {(2 +22%2 4+ 2%} we get p1o = 2 and furthermore this choice also gives
S, =2+ 2%2% S, = (222 + 2)x = 2(2® + ), and S,, = x for m > 3 with S;(F3) = {0},
Sy(F3) =Fs, and S, (F3) = F3. As S, is surjective we can set ¢35 = 0%. As S, is surjective
for m > 3 we can set ¢y ; = 0% for k—|—9(] — 1) > 14 where 0 < k < 9. As the image of
S, is {0} changing the uniformizer does not affect g 2. Thus Algorithm 6.1 generates the

template:

z? 8 z’ 28 x° zt 3 z? z! 2?

3t[{0} {o}* {o}* {o}* {o}* {o}* {o}! {o}* {o} {0}

3% 1 {0} {o}* {o}* {o}* {o}* {o}* {o}* {o} {o}* {o}!

32| {0} {o}* {o}* {o}* {o}* {0} {o}* {0,1,2} {2}* {0,1,2}1

str{op {o} {op {2} {o} {o} {or {0}  {o} {1}

31 {1p {0} {oy {o} {op {op {o} {0} {0} {0}
Of the corresponding polynomials ¢, g = 29 +6*26+9¢c-22+18*2+3+9d' (¢, d € {1,2}) more
than one polynomial generates each extension. Let o be root of .4 and p its ramification
polynomial . For v € {1,2} we have v,(p(ya)) = 11. If ¢(z) = 330 e’ denotes the
minimal polynomial of o + ya? then by Proposition 5.5 (a) we have ¢y — ¥y = a®p(ya).
and hence 992 = 22 — p(ya)/a® # 0mod a. As v+ (a) = p(ya)/a’! + (@) = 27 + (@)
is surjective, changing the uniformizer from o to a + ya results in a change of p9,. Thus
we can choose v such that pso = 0 and get that all extensions with ramification polygon
Rs and residual polynomials Az, are generated by exactly one polynomial of the form
g = 1+ 6*25 + 18z 4 3 + 9d' where (d € {1,2}).

Theorem 6.3. Let F' be the set of polynomials returned by Algorithm 6.1 given K and a
ramification polygon R, &, € K and polynomials A, ..., A, € K|x].
(a) F' contains at least one FEisenstein polynomial for each totally ramified extension
of degree m, that can be generated by a polynomial ¢ with ramification polygon R,
Py, = 09, and residual polynomials A, ..., A,.

(b) If S,, : K — K is surjective for all segments with integral slope —m, then no two
polynomials in ' generate isomorphic extensions.

(c) If there is exactly one S,, : K — K that is non-surjective, and for all integers
k > nor(m), there is an m’ € Z7° such that ngr(m’) = k, then no two polynomials
i F' generate isomorphic extensions.

Proof. (a) Let ¢ € F. In Algorithm 6.1 step (c) we have ensured that v,(y;) > Lg(7)
and in step (e) we assign nonzero values to ¢y, j so that v () = Lz (b;) for points

(p*,a;m + b;) with b; # 0. So by Proposition 3.10, ¢ has ramification polygon
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R. By Lemma 4.9, the values assigned in step (e) ensure that R, has residual
polynomials (A;,...,A4,). Thus each extension generated by a polynomial with the
input invariants is generated by a polynomial in F' and all polynomials in F' have
these invariants.

(b) If S,, : K — K is surjective for all segments with integral slope —m, then all of the
nonzero coefficients in our template 7 are either fixed by d, or A, or free because they
are not set by a choice of element in the image of some S,,. Any deformation of the
uniformizer that might result in two polynomials in F' to generate the same extension
would have to change one of these free coefficients, but such a change cannot be made
independently of the choices we made in order to set coefficients to zero by Lemma
5.7. So no two polynomials in F’ generate isomorphic extensions.

(c) Suppose there is exactly one S,, : K — K that is non-surjective, and for all integers
k > nor(m), there is an m’ € Z>° such that ngr(m’) = k. As S, : K — K is
non-surjective, there will be more than one choice for ¢; ; where jn + i = ngg(m).
By Proposition 5.5, the corresponding change of uniformizer (from o to « + vya™ 1)
can change ¢y j where j'n + i > jn +i. Since there exists m’ € Z>° such that
nor(m’') = j'n + 4, then Algorithm 6.1 will assign ¢; ;» based on S,,,. Given that
m #m', S, is surjective, ¢, 7 can be set to zero by Lemma 5.7. As all coefficients
@y i with j'n 41 > jn + i are assigned by the residual polynomials of components,
no two polynomials generate isomorphic extensions.

U

As in general the algorithm returns more than one polynomial generating each exten-
sion with the given invariants, the output needs to be filtered by comparing the generated
extensions by

(a) using the set of all reduced polynomials as computed by [11, Algorithm 3] or
(b) a root finding algorithm (compare [19]).

Suppose F' is a set of non-isomorphic extensions with the given invariants. For the first
method, the set of all reduced polynomials generating each extension in F' is computed. Since
the polynomials generated by our algorithm are reduced, checking whether a polynomial ¢
generates an extension isomorphic to an extension in F' only requires comparing ¢ to the
reduced generating polynomials for all extensions in F. Although the computation of the
reduced polynomials requires the expensive computation of characteristic polynomials, the
efficient comparison makes this method cheaper than the root finding method, where the
existence of a root of ¢ is checked over each extension in F'. When using either method to
compare polynomials, the process can be accelerated by terminating when the number of

extensions with the given invariants computed with the mass formulas from [22, 23] is found.
The product [[>_, #ker S,, is an upper bound for the number of automorphisms of L/ K.

This together with the number of reduced polynomials of ¢ gives the number of automor-
phisms of L/K ([l1, Theorem 1]). Alternatively the number extensions generated by each
polynomial can be computed using root finding.

Now we present an algorithm to enumerate all extensions with a given invariants. It may
require multiple calls to Algorithm 6.1 A11ExtensionsSub depending the structure of A and
the number of tamely ramified subextension.

Algorithm 6.4 (AllExtensions).
22



Input: A m-adic field K, a ramification polygon R, and invariant A

Output: A set F' that contains one generating Eisenstein polynomial for each totally ram-
ified extension of K with ramification polygon R and invariant A

(a) Sp < a set of representatives of K™ /(K ™).
(b) For § € Sy do
(i) Partition A into disjoint sets A*L, ... A** by Equation (5).
(ii) For A* € {A*, ..., A*} do
e Let A be a representative of A*.
e [/ < AllExtensionsSub(K, R, A,0). [Alg. 6.1]
e Unless avoidable by Theorem 6.3, filter £’ so that no two polynomials gen-
erate the same extension using method of choice.
e F«+ FUF.
(¢) Return F.

Theorem 6.5. Let F' be the set of polynomials returned by Algorithm 6.4. For each extension
L/K with ramification polygon R and invariant A, the set F' contains exactly one generating
polynomial.

Proof. Let L/K be a totally ramified extension with ramification polygon R and invariant
A. Let ¢ € Oglx] be an Eisenstein polynomial generating L with 1y, € Sp. Let A®)
be the residual polynomials of segments of R given 1. As 1) generates L with invariant
A, AW belongs to some A* in our partition of A. If A is our choice of representative
of A*, then by Lemma 4.12; there is a ¢ € Oklx]| with residual polynomials A such that
Klz]/(v) = K[z]/(p). Thus, L/K can be generated by an Eisenstein polynomial ¢ with
residual polynomials A, and ¢g1 = 11, and by Theorem 6.3, there is at least one ¢ € F’
with F’ returned by AllExtensionsSub(K, Ry, A, 1) generating L/K. The output F
contains one generator for every extension that can be generated by any polynomial in any
F’ produced, and so there is a polynomial in F' generating L/K.

To show that no two polynomials in F' generate the same extension, it suffices to show that
no polynomials produced by different calls to Algorithm 6.1 generate the same extension.
Let ¢ and v be in two such polynomials. By Lemma 4.10, if ¢g1 # 1.1, then as ¢g 1,01 €
K*/(K*)", K[z]/(¢) 2 K[z]/(p). Now suppose g1 = 1p1. By Remark 4.11, if the residual
polynomials of ¢ and v are not in the same A* then K|x]/(¢) 2 K[z]|/(v). Thus, if two
polynomials are generated by Algorithm 6.1 with different inputs of § or residual polynomials
returned by Algorithm 6.4, they cannot generate the same extension. 0

7. EXAMPLES

In Figure 3 we compare the implementation of the algorithm from [19] in Magma [2]
(Al1Extensions) with our implementation of Algorithm 6.4 in Magma. In the implementa-
tion of the method from [19], we replaced the deterministic enumeration of polynomials by
random choices, which yields a considerable performance improvement. Cases are separated
into those where filtering was required for Algorithm 6.4 and where it was not. To filter the
set of polynomials to obtain a minimal set when required, our implementation of Algorithm

6.4 uses Magma’s root finding without the mass formula from [23] as a termination criterion.
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Filtering not needed Filtering needed
K| n |v(disc)| [19] |Alg. 64K |n|v(disc)| [19] |#Pol|#Ext|Alg. 6.4
Q2| 8 10 [ 0.016 s|{0.015s |Qz 8| 16 2.079s | 30 | 128 [0.201 s
Q3| 9 16 |3.329s|0.010s ||Qy 8| 17 3.968s | 32 | 128 | 0.579 s
Qs3] 9 25 169.17s|0.016 s |Q9] 8| 18 3421s | 28 | 128 | 0.141 s
Q3]27| 36 [125.70s{0.031 s [|Q2 8| 20 10.36 s | 64 | 256 | 0.875 s
Q3| 27| 43 [27.8 hr|0.313s |Qy 8| 27 |[121.14s| 512 | 512 |42.92s
Q5125 41 [394hr|0.281s Q8| 30 |[533.48s| 512 | 512 |177.55 s
@Q5(125| 135 | 8.9 hr | 0.219 s |Q|16| 45 [1272.25 s{ 5120 [32768| 10.98 s

F1GURE 3. Time needed to compute a minimal set of generating polynomials
of all extensions of K of degree n with discriminant exponent v(disc ) with the
implementation of the algorithm from [19] and Algorithm 6.4in Magma. In
the cases where filtering was needed we also give the number of polynomials
obtained with our construction and the number of distinct extensions. All
timings were obtained on a computer with an Intel Core i5 at 2.6GHz and 4Gb
RAM.

We now present generating polynomials for totally ramified extensions of degree 15 over Q5
(Example 7.1), totally ramified extensions of degree 8 over an unramified extension of degree
2 over Qo (Example 7.2), totally ramified extensions of degree 9 over a ramified extension
of Q3 of degree 3 (Example 7.3), and an example over Q3 that shows that in general not all
extensions with the same ramification polygon and invariant .4 have the same mass (Example
7.4).

Example 7.1. We find generating polynomials for all totally ramified extensions L of Q5 of
degree 15 with wvs(disc (L)) = 29, the highest possible valuation by Proposition 2.1. There
is only one possible ramification polygon R = {(1, 15),(5,0), (10,0), (15,0)} and only one
possible set of residual polynomials A = {(3z +2, 2!+ 32° +3)} for such extensions. Denote
by p(z) = Z;io ©;x" an Eisenstein polynomial generating such a field L.

By Lemma 4.10 all extensions of Q5 with ramification polygon R can be generated by
polynomials ¢ € Zs[z] with g = 5 mod 25. As b, = 0 for all points (p*,a;n + b;) € R,
Proposition 3.10 only gives us restrictions on ¢ based on Lz and no coefficients are set by
Lemma 4.9. This provides the following template for ¢:

‘11,‘15 .1‘14 .7313 le fL‘ll 1‘10 .179 .1‘8 .’177 {I,‘6 $5 .’L‘4 .%‘3 $2 .’131 {I,‘O

52[{0} Ry, Re, Ry, Ry, Re, Re, Ry, Rr, Re, Re, Rp, Re, Ry, Ry, R,
5'[{0} {0} {0} {0} {0} Rw, {0} {0} {0} {0} Rw, {0} {0} {0} {0} {1}
5°[{1} {0} {0} {0} {o} {o} {0} {0} {0} {o} {0} {0} {0} {o} {0} {0}

The ramification polygon R, has no segments with non-zero integral slope. We get S, =
' S, =2 and S; = 2, with 15¢(1) = 5, 15¢(2) = 10, and 15¢(3) = 15. Thus @5, = 0,
101 = 0, and g2 = 0. Further, for m > 4, S, = z. As 15¢(m) = 15+ m for m > 4, by
Lemma 5.7, we can set ¢y ; = 0 for k+9(j —1) > 19. Therefore, the generating polynomials

@ of the fields over Q5 with invariants R and A follow this template:
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‘1115 .1714 3713 .’1?12 ZL‘ll xlO $9 338 1‘7 LEG .’115 .1?4 $3 1.2 .’171 J}O

521{0} {0} {0} {0} {0} {0} {0} {0} {0} {0} {0} {0} Rw, Rp, Rs, {0}

5'1{0} {0} {0} {o} {0} {0} {0} {0} {0} {0} {0} {0} {0} {0} {0} {1}

5°1{1} {0} {0} {o} {0} {0} {0} {0} {o} {0} {0} {0} {0} {0} {0} {0}
As all of the §,, are surjective, by Theorem 6.3 (b), no two of these 125 polynomials generate
isomorphic extensions of Qs.

Example 7.2. Let K be the unramified extension of Q, generated by y? +y + 1 € Qy[y].
Let v be a root of y*> +y + 1, so K = Fy(y). We want to find generating polynomials
for all totally ramified extensions L of K of degree 8 with vy(disc (L)) = 16, ramification
polygon with points R = {(1,9), (2,6), (8,0)}, and A containing (yz +, 25+ ). Denote by
Y= Z?:o ©;x" an Eisenstein polynomial generating such a field L.

By Proposition 3.10, we have v(y;) = 2 and v(ps) = 1, and that v(p;) > 2 for i €
{2,3,4,5,7}. By Lemma 4.9, the point (1,9) = (2°,1-8 + 1) on R gives us that ¢;5 = v
and the point (2,6) = (2,08 +6) on R gives us that pg; = 7. We set ¢ = 1 by Lemma
4.10 and the template for the polynomials ¢ is:

‘LL’S 1137 ZL’G LU5 ZL’4 1133 %2 2171 {L’O

2°{0} Rk Rk Rk Rk Rk Rk Rk Rk
22{0} Rk Rk Rk Rk Rk Rk {7} Rk
2'1{0} {0} {»} {0} {0} {0} {0} {0} {1}
2°/{1} {0} {0} {0} {0} {0} {0} {0} {0}

It remains to consider the S,,. Our ramification polygon R has two segments of integral
slope, —3 and —1, respectively. So by Lemma 5.4, S;(z) = 224, = 22(2° +v) and S;(z) =
zA; = z(yz + 7). As S, is surjective and n¢(1l) = 8, we may set pp2 = 0. As R has no
segment of slope —2, S, is surjective, so with n¢(2) = 10, we may set oo = 0. On the
other hand, S5 is not surjective and has image {0,v}. By Lemma 5.7 and as n¢(3) = 12,
w12 € Ri/{0,7} = {0,1}. For m > 4, n¢(m) = 9+ m, and so we can set ¢;; = 0 for
k+8(7 — 1) > 13. This gives us the following template for polynomials ¢:

‘IES {E7 176 .135 1E4 1'3 562 fEl CITO

2°1{0} {0} {0} {0} {0} {0} {0} {0} {0}

22/{0} {0} {0} {0} {0,1} Rk {0} {7} {0}

2'1{0} {0} {»} {0} {0} {0} {0} {0} {1}

2°|{1} {0} {0} {0} {0} {0} {0} {0} {0}
As Sy is the only non-surjective S,,, and for all integers k greater than n¢(3) = 12, ne(k —
9) = k, we have by Theorem 6.3 (c) that no two of these 8 polynomials generate the same
extension.

Example 7.3. Let K = Qs[z]/(2*—3) and let 7 be a uniformizer of the valuation ring of K.
As in Example 3.13, there are three possible ramification polygons for extensions L of K of
degree 9 with vs(disc (L)) = 18, namely Ry = {(1,10),(9,0)}, Rs = {(1,10),(3,3),(9,0)},
and R3 = {(1,10), (3,6),(9,0)} (compare Figure 2).

Let us again choose to investigate Ro. By Lemma 3.5 we have v,(¢3) = 1 and by Lemma
4.10 we can set ¢o; = 1. As K = Q3, we have the same four choices for the invariant
AI A271 = {(1 -+ 21’,2 + 1'3)}, A272 = {(2 + Z, 1+ 21’3)}, A273 = {(1 + x, 1+ 1'3)}, and

A274 = {(2 + 21’, 2+ x?’)}
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Let us choose Ay ;. By Lemma 4.9 we get from the point (1,10) = (3°,1-9+1) on R,
that 1o = 1 and from the point (3,3) = (3',0-9 + 3) on R, that 3, = 2.

The ramification polygon R, has no segments with integral slope. We get S, = 23,
Sy =12?, and S5 = 2®, with 9¢(1) = 6, 99(2) = 9, and 9¢(3) = 12. Thus w1 = 0, Y2 = 0,
and 32 = 0. Furthermore S,, = = for with 9¢(m) = 10 + m for m > 4. Thus by Lemma
5.7 we can set ¢y ; = 0 for k+9(j — 1) > 14.

Proceeding as in Examples 3.13, 4.13, and 5.8 we obtain a familiar template for the
polynomials generating fields over K with ramification polygon Ry and invariant A :

9 8 7 6 5 4 3 2 1 0

T T x T T x

tH{o} {0} {0} {0} {0} {0} {o} {op {o}{o}
z {0} {0} {0} {0} {0} {0} {0} {0} {0} {0}

X x T T

{0} {0} {0} {0} {0} {0,1,2} {0} {0,1,2} {1} {0}
{0} {0} {0} {o} {0}y {0} {2} {0} Ao} {1}
w'|{1} {0} {0} {0} {o} {0} {0} {o} {o} {0}
As all of the S, are surjective, we obtain a unique generating polynomial of each degree 9
extension of K with vs(disc (L)) = 18, ramification polygon R, and invariant A, ;.

508 8 3

As mentioned in the previous section, our choice of residual polynomials relate to the size
of the automorphism group of the extensions generated by our polynomials. However, the
polynomials generated by Algorithm 6.4 (and in general, those generating extensions of the
same degree, discriminant, ramification polygon, and A) do not generate extensions with
the same automorphism group size.

Example 7.4. Over Qs[z], let p(x) = 2% + 625 + 182° + 3 and ¢(z) = 2% + 182% + 927 +
62% +182° 4 3. Both are Eisenstein polynomials generating degree 9 extensions over Qs with
ramification polygon R = {(1,14), (3,6), (9,0)} and having residual polynomials A; = 22%+1
and A, = 2% + 2. Using root-finding, we see that over Qs[z]/(v), ¢ has 3 roots, while over
Qs[z]/(v), ¥ has 9 roots. Thus 1 generates a normal extension, while ¢ generates three
extensions with automorphism groups of size 3 which shows that not all extension with the
same ramification polygon and residual polynomials have the same mass.
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