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Abstract. Let ϕ(x) be an Eisenstein polynomial of degree n over a local field and α be a
root of ϕ(x). Our main tool is the ramification polygon of ϕ(x), that is the Newton polygon
of ρ(x) = ϕ(αx+α)/(αnx). We present a method for determining the Galois group of ϕ(x)
in the case where the ramification polygon consists of one segment.

1. Introduction

Algorithms for computing Galois groups are an important tool in constructive number
theory. The commonly used algorithms for computing Galois groups of polynomials over
Q (and Q(t)) are based on the method of Stauduhar [20]. Considerable progress has been
made in this area over the last ten years. For local fields however, that is for fields K
complete with respect to a non-archimedian exponential valuation ν with residue class field
K of characteristic p 6=∞, there is no general algorithm.

As the Galois groups of unramified extensions are explicitly known, we concentrate the
Galois groups of totally ramified extensions. These can be generated by an Eisenstein poly-
nomial, that is a polynomial ϕ(x) = xn +

∑n−1
i=0 ϕix

i ∈ OK[x] with ν(ϕ0) = 1 and ν(ϕi) ≥ 1

for 1 ≤ i ≤ n− 1. We denote by α a root of ϕ(x) in an algebraic closure K of K.
If p does not divide the degree of ϕ(x) the extension K(α) is tamely ramified and can be

generated by a pure polynomial. We show how this pure polynomial can be obtained and
recall the (well known) explicit description of its Galois group (see section 2).

If p divides the degree of ϕ(x) the situation becomes more difficult. John Jones and David
Roberts have developed algorithms for determining the Galois group for the special cases
of polynomials of degree 22, 23, and 32 over Q2 and Q3 respectively based on the resolvent
method [7, 8, 9].

A useful tool for obtaining information about the splitting field and the Galois group is the
ramification polygon rp(ϕ) of ϕ(x), which is the Newton polygon np(ρ) of the ramification
polynomial ρ(x) = ϕ(αx+ α)/(αnx) ∈ K(α)[x].

David Romano has treated the case of Eisenstein polynomials ϕ(x) of degree n = pm with
ν(ϕ1) = 1, so that the ramification polygon consists of one segment of slope −h/(pm − 1)
where gcd(h, pm − 1) = 1 [16]. In this case the Galois group of ϕ(x) is isomorphic to the
group

Γ =
{
x 7→ axσ + b

∣∣ a ∈ F×pm , b ∈ Fpm , σ ∈ Gal(Fpm/Fpm ∩ K)
}

of permutations of Fpm . In [17] he generalizes his result to ramification polygons that are a
line, on which only the end points have integral coordinates.

We develop the theory of ramification polygons further by attaching an additional invari-
ant, the associated inertia to each segment of the ramification polygon (section 3). In section
4 we describe the shape of ramification polygons and show that the polygons, as well as the
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associated inertias, which are the degrees of the splitting fields of associated polynomials,
are invariants of K(α). We find that the segments of the ramification polygon corresponds
to the subfields of the field generated by ϕ(x) (section 5). In section 6 we investigate how
ramification polygons and their associated inertias behave in towers of subfields. This is
followed by a description of the splitting field in the case of ramification polygons with one
segment and a description of the maximal tamely ramified subfield of the splitting field in the
general case (section 7). In section 8 we use these results to find Galois groups of Eisenstein
polynomials with one sided ramification polygon with arbitrary slopes. Our methods can be
generalized algorithmically to the case of ramification polygons with two segments [2] and
beyond. In section 9 we give some examples for Galois groups determined in this way.

Notation. In the following K is a local field, complete with respect to a non-archimedian
exponential valuation ν, where ν = νK is normalized such that ν(π) = νK(π) = 1 for a
uniformizing element π in the valuation ring OK of K. The continuation of ν to an algebraic
closure K of K is also denoted by ν. For γ ∈ K and γ′ ∈ K we write γ ∼ γ′, if ν(γ−γ′) > ν(γ).

We write ζn for a primitive n-th root of unity. We denote by K = OK/(π) ∼= Fq the residue
class field of OK and by β = β + (π) the class of β ∈ OK in K. For γ ∈ K we denote by γ a

lift of γ to OK. If ϕ(x) =
∑n

i=1 ϕix
i ∈ OK[x] we set ϕ(x) :=

∑n
i=1 ϕix

i ∈ K[x].

2. Tamely Ramified Extensions

We present some results about tamely ramified subfields of totally ramified extensions and
the splitting fields and Galois groups of totally and tamely ramified extensions.

Proposition 2.1. Let n = e0p
m with p - e0 and let

ϕ(x) = xn +
n−1∑
i=1

ϕix
i + ϕ0 ∈ OK[x]

be a polynomial whose Newton polygon is a line of slope −h/n, where gcd(h, n) = 1. Let
α be a root of ϕ(x). The maximum tamely ramified subextension M of L = K(α) of degree
e0 can be generated by the Eisenstein polynomial xe0 + ψb0π

e0a with ψ0 ≡ ϕ0 mod (πh+1) and
where a and b are integers such that ae0 + bh = 1.

Proof. As the Newton polygon of ϕ(x) is a line all roots α of ϕ(x) have the same valuation,
namely ν(α) = h/n. Because gcd(h, n) = 1, for each root α of ϕ(x), the extension K(α)/K
is totally ramified of degree n, which implies that ϕ(x) is irreducible.

Since n = e0p
m with gcd(e0, p) = 1 its maximum tamely ramified subextension M over K

has degree [M : K] = e0. We first show that M and the extensions generated by xe0 + ψ0

are isomorphic. Because ν(ϕ0) = h and ψ0 ≡ ϕ0 mod (πh+1), there is a principal unit
1+πε ∈ OK such that ψ0 = (1+πε)ϕ0. Furthermore αn = −ϕ0−

∑n−1
i=1 ϕiα

i = −(1+πLδ)ϕ0

for some principal unit 1 + πLδ ∈ OL where πL is a uniformizer of the valuation ring OL of
L. The polynomial xe0 + ψ0 has a root over L if and only if (αp

m
x)e0 + ψ0 has a root over L.

Division by αn yields

xe0 +
ψ0

αn
= xe0 − (1 + πε)ϕ0

(1 + πLδ)ϕ0

≡ xe0 − 1 mod πLOL[x].

Obviously ρ(x) = xe − 1 ∈ L[x] is square free and ρ(1) = 0. With Newton lifting (and by
reversing the transformations above) we obtain a root of xe0 +ψ0 in L. Let β be this root of
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xe0 + ψ0. Then ν(βbπa) = bh/e+ a = 1/e and M = K(β) = K(βbπa). As βe0bπe0a = −ψb0πe0a
we have βbπa is a root of xe0 + ψb0π

e0a ∈ OK[x]. �

Corollary 2.2. Let ϕ(x) =
∑e

i=0 ϕix
i ∈ OK[x] be an Eisenstein polynomial and assume

p - e. If ψ(x) = xe + ψ0 with ψ0 ≡ ϕ0 mod (π2), then the extensions generated by ϕ(x) and
ψ(x) are isomorphic.

It follows from Corollary 2.2 that the splitting field of an Eisenstein polynomial ϕ(x) =∑e
i=0 ϕix

i ∈ OK[x] with p - e is N = K(ζe, e
√
−ϕ0), where ζe is a primitive e-th root of unity.

The Galois group of N/K is well known, we obtain it from the general description of Galois
groups of normal, tamely ramified extensions (see, for instance, [5, chapter 16]):

Theorem 2.3. Let K be a local field and q the number of elements of its residue class field.
Let N/K be a normal, tamely ramified extension with ramification index e and inertia degree
f . There exists an integer r with r(q− 1) ≡ 0 mod e such that N = K(ζ, e

√
ζrπ), where ζ is a

(qf − 1)-st root of unity and qf − 1 ≡ 0 mod e. Let k = r(q−1)
e

. The generators of the Galois
group are the automorphisms

s : ζ 7→ ζ, e
√
ζrπ 7→ ζ(qf−1)/e e

√
ζrπ and t : ζ 7→ ζq, e

√
ζrπ 7→ ζk e

√
ζrπ.

The Galois group of N/K as a finitely presented group is

〈s, t | se = 1, tf = sr, st = sq〉 ∼= Ce o Cf ,

3. Associated Polynomials

Associated (or residual) polynomials, first introduced by Ore [14], are a useful tool in the
computation of ideal decompositions and integral bases [11, 12, 3] and the closely related
problem of polynomial factorization over local fields [4, 15]. The associated polynomials
yield information about the unramified part of the extension generated by a polynomial. We
will use it in the construction of splitting fields of Eisenstein polynomials.

Let ρ(x) =
∑n

i=0 ρix
i ∈ OK[x] be a not necessarily irreducible monic polynomial whose

Newton polygon np(ρ) consists of t segments:

(0, ν(ρ0))↔ (a1, ν(ρa1)), . . . , (at−1, ν(ρat−1))↔ (at, ν(ρat)

with slopes:
−h1/e1 < −h2/e2 < · · · < −ht−1/et−1 < −ht/et

with gcd(ei, hi) = 1 for 1 ≤ i ≤ t. Each of the segments corresponds to a factor ρr(x) of
ρ(x). For each segment we obtain one associated polynomial as follows.

For 1 ≤ r ≤ t let br = ν(ρar). Consider the r-th segment (ar−1, br−1) ↔ (ar, br) of

np(ρ) and set dr = ar − ar−1. We have
ν(ρar )−ν(ρar−1 )

dr
= −hr

er
. Let β be a root of ρ(x) with

ν(β) = hr/er, set L = K(β), let πL be an uniformizing element in the valuation ring OL of L.
We have

ρ(βx)

πbr−1βar−1
=

n∑
i=0

ρiβ
ixi

πbr−1βar−1
≡

ar∑
i=ar−1

ρiβ
ixi

πbr−1βar−1
mod πLOL[x]

≡
dr/er∑
j=0

ρje+ar−1β
jer+ar−1xjer+ar−1

πbr−1βar−1
mod πLOL[x].
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The last congruence holds, because the x-coordinates of the points on the r-th segment of
the Newton polygon are of the form ar−1 + jer (0 ≤ j ≤ (ar−1 − ar)/er). Division by xar−1

yields

ρ(βx)

πbr−1βar−1xar−1
≡

dr/er∑
j=0

ρje+ar−1β
jerxjer

πbr−1
mod πLOL[x].

For γ = βer/πhr we have ν(γ) = ν(βer/πhr) = 0. By substituting γπhr for βer we get

ρ(βx)

πbr−1βar−1xar−1
≡

dr/er∑
j=0

ρjer+ar−1π
jhr(γxer)j

πbr−1
mod πLOL[x].

If we replace γxer by y we obtain the associated polynomial of ρ(x) with respect to the r-th
segment Sr of np(ρ):

Ar(y) :=

dr/er∑
j=0

ρjer+ar−1π
jhr−br−1yj ∈ K[y].

It follows immediately from the construction that:

Lemma 3.1. Let β1, . . . , βn be the roots of ρ(x). The roots of A(y) ∈ K[y] are of the form(
β
ej
i

πhj

)
for some 1 ≤ i ≤ n and some 1 ≤ j ≤ t.

Definition 3.2. Let A(y) ∈ K[y] be the associated polynomial of a segment S of np(ρ) and γ
a root of A(y). We call the degree of the splitting field of Ar(y) ∈ K[y] over K the associated
inertia of S.

Remark 3.3. The denominators of the slopes (in lowest terms) of the segments of the
Newton polygon np(ρ) of a polynomial ρ(x) are divisors of the ramification indices of the
extensions generated by the irreducible factors of a polynomial. For each segment of np(ρ)
the associated inertia is a divisor of the inertia degree of these extensions.

Remark 3.4. The factorization of Ar(y) yields a factorization of the factor of ρ(x) that
corresponds to Sr [14].

4. Ramification Polygons

Let ϕ(x) =
∑n

i=0 ϕix
i ∈ OK[x] be an Eisenstein polynomial, α ∈ K a root of ϕ(x) and

L := K(α). The polynomial

ρ(x) =
n∑
i=0

ρix
i :=

ϕ(αx+ α)

αnx
∈ OL[x].

is called the ramification polynomial of ϕ(x) and its Newton polygon, which we denote by
rp(ϕ), is called the ramification polygon of ϕ(x) (also see [18]). Denoting the roots of ϕ(x)
in K by α = α1, . . . , αn we have

ρ(x) =
n∏
i=2

(
x− αi − α

α

)
=

n∏
i=2

(
x+ 1− αi

α

)
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If the extension L/K generated by ϕ(x) is Galois with Galois group G the segments of the
ramification polygon rp(ϕ) correspond to the ramification subgroups of G:

Gj := {σ ∈ G | νL(σ(α)− α) ≥ j + 1} for j ≥ 0.

Because νL(αi−α
α

) = νL(αi − α) − 1 the ramification polygon describes the filtration G =
G0 D G1 D . . . D Gk = 1 of the Galois group, that is, a segment of slope −m yields a jump
at m in the filtration, which means Gm 6= Gm+1. If the extension L/K is not Galois, there is
a similar interpretation for a filtration of the set of embeddings of L/K in K in the context
of non-Galois ramification theory (see [6]).

From the next lemma one can deduce the typical shape of the ramification polygon (see
figure 1).

Lemma 4.1 ([18, Lemma 1]). Let ϕ(x) =
∑n

i=0 ϕix
i ∈ K[x] be an Eisenstein polynomial and

n = e0p
m with p - e0. Denote by α a root of ϕ(x) and set L = K(α). Then the following hold

for the coefficients of the polynomial ψ(x) =
∑n

i=0 ψix
i := ϕ(αx+ α) ∈ L[x]:

(a) νL(ψi) ≥ n for all i.
(b) νL(ψpm) = νL(ψn) = n.
(c) νL(ψi) ≥ νL(ψps) for ps ≤ i < ps+1 and s < m.

i

νL(ρi)

0 ps1−1 ps2−1 ps`−1−1 ps`−1 n− 1

−m1

−m2

−m`

Figure 1. Shape of the ramification polygon

As a consequence we have:

Lemma 4.2. If a ramification polygon consists of only one segment with slope, say −m1

then m1 ≤ pν(p)
p−1

.

Proposition & Definition 4.3. Let L/K be totally ramified and α a prime element of L and
ϕ(x) the minimal polynomial of α. Then rp(ϕ) and the associated inertia of the segments
are invariants of L/K. We call rp(L/K) := rp(ϕ) the ramification polygon of L/K.

Proof. Let β = δα where δ ∈ OL = OK[α] with νL(δ) = 0. We can write δ in the form
δ = δ0 + δ1α + δ2α

2 + . . . with δi ∈ OK. Let β = β1, . . . , βn be the conjugates of β and let
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ϕ̃(x) be the minimal polynomial of β. We compare the roots of the ramification polynomials
of ϕ(x) and ϕ̃(x)

ρ(x) =
n∏
i=2

(
x− αi − α

α

)
=

n∏
i=2

(
x−

(
−1 +

αi
α

))
and

ρ̃(x) =
n∏
i=2

(
x− βi − β

β

)
=

n∏
i=2

(
x−

(
−1 +

βi
β

))
.

For 1 ≤ i ≤ n long division yields

βi
β

=
δ0αi + δ1α

2
i + . . .

δ0α + δ1α2 + . . .
=
αi
α

+
δ1(αi − α)αi + . . .

δ0α + δ1α2 + . . .
.

We have νL(−1+αi/α) = m where m is one of the slopes of rp(ϕ). As νL((αi−α)αi) = m+2
we have 1 − βi/β ∼ 1 − αi/α. Thus νL(βi − β) = m + 1 and it follows that the slopes of
the ramification polygon are independent of the choice of the uniformizing element of L and
therefore invariants of L.

To prove that the associated inertia is an invariant of L/K we consider the segment with
slope −m = −h/e of the Newton polygons of ρ(x) and ρ̃(x).

The roots of the corresponding associated polynomials A(y) ∈ L[y] and Ã(y) ∈ L[y] with
respect to the segment with slope m are of the form (see Lemma 3.1):(

(−1 + αi/α)e

αh

)
and

(
(−1 + βi/β)e

βh

)
.

Because −1 + βi/β−̃1 + αi/α we have

(−1 + βi/β)e

βh
∼ 1

δh
(−1 + αi/α)e

αh
.

Therefore the roots of A(y) and Ã(y) differ only by the factor δ−h ∈ K = K. So, if A(y) =∏d
i=1(y − γi) then Ã(y) =

∏d
i=1(y − γi

underlineδh). Clearly the polynomials A(y) and Ã(y) have the same splitting fields which
implies that the associated inertias are the same. �

Lemma 4.4. Let L/K be totally ramified of degree pm and let −m1, . . . ,−m` be the slopes
of rp(L/K). Let T/K be tamely ramified with ramification index e0 and N = TK. Then the
slopes of rp(N/T) are −e0 ·m1, . . . ,−e0 ·m`.

Proof. Let α be a uniformizer of L/K, ϕ(x) its minimal polynomial and α = α1, . . . , αpm ∈ K
its conjugates. Let β be a uniformizing element of T. If a, b ∈ Z such that ae0−bpm = 1 then
νT(αa/βb) = 1/pm. The ramification polynomial ρ(x) ∈ ON[x] of the minimal polynomial of
αa/βb is

ρ(x) =

pm∏
i=2

(
x+ 1− αai

βb
βb

αa

)
=

pm∏
i=2

(
x+ 1− αai

αa

)
.

Each quotient αi/α is of the form 1 + γiα
mq with ν(γi) = 0 for some 1 ≤ q ≤ `. As

gcd(a, p) = 1 we get (αi/α)a = (1 + γαmq)a ∼ 1 +aγαmq , which implies that the exponential
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valuation of the roots of ρ(x) ∈ T[x] are e ·mq (1 ≤ q ≤ `). Thus the slopes of rp(N/T) are
−e0 ·m1, . . . ,−e0 ·m`. �

5. Blocks and Subfields

In the following we use the connection between blocks of the Galois group and subfields
of an extension to describe and calculate a specific chain of subfields of our extension L/K,
which is not Galois in general. We denote by G = Gal(ϕ) = Gal(L/K) the Galois group
of L/K, which is the automorphism group of the normal closure of L over K. As ϕ(x) is
irreducible, G acts transitively on the set of roots Ω = {α1, . . . , αn} of ϕ(x).

Definition 5.1. A non-empty subset ∆ of Ω is called a block, if σ(∆) ∩ ∆ ∈ {∅,∆} for
all σ ∈ G. The group G∆ := {σ ∈ G | σ(∆) = ∆} is called the stabilizer of ∆. The set
{∆ = ∆(1), . . . ,∆(k)} := {σ(∆) | σ ∈ G} is the block system with respect to ∆. It constitutes
a partition of Ω, thus n = k · |∆|.

For the remainder of this section we fix the following notation (compare figure 1). The
Eisenstein polynomial ϕ(x) has degree n = e0p

m, its ramification polynomial is denoted by
ρ(x) =

∑n−1
j=0 ρjx

j, and its ramification polygon rp(ϕ) consists of `+ 1 segments. By Lemma
4.1 there are natural numbers 0 = s0 < s1 < . . . < s` = r, so that the i-th segment Si is of
the form

(psi−1 − 1, νL(ρpsi−1−1))↔ (psi − 1, νL(ρpsi−1))

for 1 ≤ i ≤ `. The last segment S`+1 = (p` − 1, 0)↔ (n− 1, 0) is horizontal. We denote the
slopes of the segment of rp(ϕ) by −m1 < −m2 < . . . < −m`+1 = 0.

We choose the numbering of the roots α = α1, . . . , αn of ϕ(x) compatible to the ramifica-
tion polygon, that is, such that, for 1 ≤ i ≤ `+ 1

νL

(
αpsi−1+1 − α1

α1

)
= . . . = νL

(
αpsi − α1

α1

)
= mi.

The following lemma says, that we can refine this numbering according to certain block
systems.

Lemma 5.2. The Galois group of ϕ(x) has the blocks

∆i = {α1, . . . , αpsi} = {α′∈ K | ϕ(α′) = 0 and νL(α′ − α1) ≥ mi + 1} (1 ≤ i ≤ `).

We can order the roots α1, . . . , αn such that ∆
(r)
i =

{
α(r−1)psi+1, . . . , αrpsi

}
for 1 ≤ r ≤ k

and k = n/psi.

Proof. Let σ ∈ Gal(ϕ). We show, that σ(∆i)∩∆i is empty or equal to ∆i. If σ(α1) ∈ ∆i we
have νL(σ(α1)− α1) ≥ mi + 1. Then we have for an arbitrary αj ∈ ∆i that

νL(σ(αj)− α1) = νL(σ(αj)− σ(α1) + σ(α1)− α1)

= νL(σ(αj − α1) + (σ(α1)− α1)) ≥ mi + 1,

since νL(σ(αj − α1)) ≥ mi + 1. Because of our choice of ordering of α1, . . . , αn only the
differences αk − α1 for k ≤ psi have exponential valuation greater than or equal to mi + 1,
which implies σ(αj) ∈ ∆i.
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L0 = L = K(α1) ∆0 = {α1}
ps1 ∪ ∩

L1 = K(α1 · · ·αps1 ) ∆1 = {α1, . . . , αps1}
ps2−s1 ∪ ∩

...
...

ps`−1−s`−2 ∪ ∩
L`−1 = K(α1 · · ·αps`−1 ) ∆`−1 = {α1, . . . , αps`−1}

ps`−s`−1 ∪ ∩
L` = K(α1 · · ·αps` ) ∆` = {α1, . . . , αps`}

e0 ∪ ∩
L`+1 = K ∆`+1 = {α1, . . . , αn}

Figure 2. The subfields of L = K(α1) and the corresponding blocks, where
the roots of α1, . . . , αn of ϕ(x) ∈ OK[x] are ordered as in Lemma 5.2 and
n = e0p

` with p - e0.

If σ(α1) /∈ ∆i we have νL(σ(α1) − α1) < mi + 1. In this case we get for an arbitrary
αj ∈ ∆i, that

νL(σ(αj)− α1) = νL(σ(αj − α1) + (σ(α1)− α1)) < mi + 1

and σ(αj) /∈ ∆i follows.
The ordering of the roots αi according to the ramification polygon and the subordering

according to the block systems {∆(1)
i , . . . ,∆

(k)
i } are consistent, because ∆1 ⊂ ∆2 ⊂ . . . ⊂

∆`. �

There is a correspondence between the blocks and the subfields of L/K. For a subgroup
H of the Galois group G of L/K we write Fix(H) for the fixed field under H. A proof of the
theorem can be found in [10].

Theorem 5.3. Let ϕ(x) ∈ K[x] be irreducible of degree n, ϕ(α) = 0, L = K(α), and G the
Galois group of L/K.

(a) The correspondence ∆ 7→ Fix(G∆) is a bijection between the set of blocks containing
α and the set of subfields of L/K.

(b) For two blocks ∆1,∆2 with corresponding subfields L1, L2 we have L1 ⊆ L2 if and only
if ∆2 ⊆ ∆1.

The next theorem describes the subfields corresponding to the blocks of Lemma 5.2, see
Figure 2.

Theorem 5.4. Let L = K(α) and for 0 ≤ i ≤ ` let Li = K(βi) with βi = α1 · . . . · αpsi . Then
L = L0 ⊃ L1 ⊃ . . . ⊃ L` ⊃ K with [Li : Li+1] = psi+1−si for i ≤ `− 1 and [L` : K] = e.

Proof. For 1 ≤ i ≤ ` denote by Ei the field Fix(G∆i
) that corresponds to the block ∆i =

{α1, . . . , αpsi} (see Theorem 5.3). The field Ei has degree m = n
psi

over K. We show, that
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Ei = Li. Let h(x) =
∏

αj∈∆i
(x − αj). Because h(x) stays invariant under the action of G∆i

and it divides ϕ(x) and it has the correct degree psi , it is the minimal polynomial of α1 over
Ei. The field generated by the coefficients of h(x) is equal to Ei. If this field had degree
m′ < m over K, we would get the contradiction [L : K] = m′psi < mpsi = n. In fact, even the
constant coefficient βi of h(x) is sufficient to generate Ei, since L/K is totally ramified and
νL(βi) = psi = [L : Ei] holds. Hence βi is a primitive element for Ei/K and we get Ei = Li as
proposed. The inclusion and degree statements follow directly from theorem 5.3. �

In the case of a Galois extension L/K the subfields Li are exactly the ramification subfields
of L/K, that is, the fixed fields under the ramification subgroups of the Galois group. For an
extension, which is not Galois, they are fixed fields under the “ramification subsets” of the
set of embeddings of L/K in K (see again [6]).

Remark 5.5. An explicit computation of the subfields Li = K(βi) on a computer means
finding the elements βi as elements of L/K. This yields an embedding of Li/K in L/K. Then
a generating polynomial for Li/K can be obtained by a minimal polynomial calculation. We
briefly describe how the elements βi in L/K can be determined.

Polynomial factorization techniques [1, 15] yield a factorization ρ(x) = r1(x) · . . . ·r`+1(x) ∈
L[x] of the ramification polynomial, where rj(x) corresponds to the j-th segment of the rami-
fication polygon. Reversing the transformation from ϕ(x) to ρ(x) this gives us a factorization
ϕ(x) = p1(x) · . . . · p`+1(x) ∈ L[x] of ϕ(x) with

pj(x) =
∏

νL(
αi−α
α

)=mj

(x− αi) ∈ K[x]

for 2 ≤ j ≤ `+ 1 and

p1(x) = (x− α)
∏

νL(
αi−α
α

)=m1

(x− αi) ∈ K[x].

Now γi ∈ L is equal to the constant coefficient of p1(x) · . . . · pi(x).

6. Ramification Polygons and Subfields

We investigate how ramification polygons and their associated inertias behave in towers of
subfields. We continue to use the notation from section 5 (also see Figure 2). By construction
of the subfields Li we expect a strong connection between the ramification polygon of ϕ(x)
and the ramification polygons of generating polynomials for the extensions Li−1/Li. The
following lemma and theorem describe the connection in detail.

Lemma 6.1. Assume the ramification polygon of rp(ϕ) = rp(L/K) consists of the segments
S1, . . . , S`+1 of lengths ps1 − 1, ps2 − ps1 , . . . , ps`+1 − ps` with slopes −m1 < · · · < −m`+1 = 0.
Then

(a) the ramification polygon rp(L1/K) has exactly ` segments T1, . . . , T` of lengths ps2/ps1−
1, (ps3 − ps2)/ps1 . . . , (ps`+1 − ps`)/ps1 with slopes −m2, . . . ,−m`+1 = 0,

(b) the associated inertia of Ti is equal to the associated inertia of Si+1, and
(c) for each root δ of Ai(y) the element δp

s1
is a root of the associated polynomial of Ti.

9



Proof. We assume that the roots of ϕ(x) are ordered as in Lemma 5.2. Let ∆1 = ∆
(1)
1 , . . . ,∆

(k)
1

be the block system for the smallest block ∆1. If α ∈ ∆
(r)
1 with 2 ≤ r ≤ k, then

νL(α−α1) = mλ+1 < m1+1 for some λ ∈ {2, . . . , `+1}. Thus we can write α = α1+δαmλ+1
1

for some δ ∈ K with ν(δ) = 0. If α, α′ ∈ ∆
(r)
1 then νL(α − α′) = m1 + 1. Thus, if

α′ = α1 + δ′αmλ+1
1 for some δ′ ∈ K with ν(δ′) = 0 then δ′ ∼ δ. Recall that by our ordering of

the roots of ϕ(x) we have αi ∈ ∆
(1)
1 and α(r−1)ps1+i ∈ ∆

(r)
1 for 1 ≤ i ≤ ps1 and 2 ≤ r ≤ k. By

the considerations above there is a ε ∈ K with ν(ε) = 0 so that for some λ ∈ {2, . . . , `+ 1}:

(1) −1 +
α(r−1)ps1+i

αi
∼ εαmλ1 .

For 1 ≤ r ≤ k let βr =
∏

α∈∆
(r)
1
α, so that L1 = K(β1). Then ψ(x) =

∏k
r−1 x − βr is the

minimal polynomial of β1 over K. The ramification polynomial of ψ(x) is:

ψ(β1x+ β1)

βk1x
=

k∏
r=2

(
x−

(
−1 +

βr
β1

))
=

k∏
r=2

(
x−

(
−1 +

αr−1ps1+1 · · · · · αrps1
α1 · · · · · αps1

))
.

By relation (1) there are εr ∈ K with ν(εr) = 0 and λ ∈ {2, . . . , `+ 1} so that

−1 +
βr
β1

∼ 1 + (1 + εrα
mλ
1 )p

s1 = εp
s1

r αmλp
s1

1 +

ps1−1∑
i=1

(
ps1

i

)
εirα

mλ·i
1 .

If we show that

(2) −1 +
βr
β1

∼ εp
s1αmλp

s1

1 ,

then clearly (a) holds. We now proof (b) and (c) for S2 and T1. The results for the other
segments follow analogously.

The roots of the ramification polygon of ϕ with valuation m2 are −1 + αi/α1 ∼ εiα
m2
1 for

some εi ∈ K with ν(ε) = 0 and ps1 + 1 ≤ i ≤ ps2 . By Lemma 3.1 this gives the roots(
(εiα

m2
1 )e2

αh21

)
= εe2i

of the associated polynomial A2(y)K[y] of S2, where m2 = h2/e2 with gcd(h2, e2) = 1. For
each εe2i of A2(y) there is root of the ramification polynomial of ψ(x) with −1 + βr/β1 ∼
εp
s1

i α
mp

s1
2

1 . With this we obtain the corresponding roots of the associated polynomial B1(y) ∈
K[y] of T1: (

(εp
s1

i αm2ps1
1 )e2

βh21

)
=

(
(εe2p

s1

i αh2p
s1

1 )e2

(α1 · · · · · αps1 )h2

)
=
(
εi
e2
)ps1

.

This proofs (c). As ε 7→ εp is an automorphism of K the splitting fields of A2(y) and B1(y)
are isomorphic, which implies (b).

To proof relation (2) we need to show that

νL

(
ps1−1∑
i=1

(
ps1

i

)
εiαmλi

)
> mλp

s1 .

10



By the ultrametric inequality it is sufficient to show that for 1 ≤ i ≤ ps1−1

νL

((
ps1

i

)
γiαmλi

)
> mλp

s1 .

As νp
((
ps1

i

))
= s1 − νp(i) this simplifies to νL(p)(s1 − νp(i)) +mλi > mλp

s
1 or

νL(p)(s1 − νp(i))
ps1 − i

> mλ.

By Lemma 4.2 we have νL(p)
ps1−1(p−1)

≥ m1 > mλ. So it is sufficient to show that

νL(p)(s1 − νp(i))
ps1 − i

≥ νL(p)

ps1−1(p− 1)
,

which is equivalent to

p(ps1 − i)
ps1(p− 1)(s1 − νp(i))

≤ 1.

We write i = apv with p - a and v < s1 and obtain

p(ps1 − i)
ps1(p− 1)(s1 − νp(i))

≤ p(ps1 − pv)
ps1(p− 1)(s1 − v)

=
p

p− 1
· ps1−v − 1

ps1−v(s1 − v)

=
p

p− 1
· 1− (1/p)s1−v

s1 − v
=

1− (1/p)s1−v

1− (1/p)
· 1

s1 − v

=

(
1 +

1

p
+ . . .

1

ps1 − v − 1

)
1

s1 − v
≤ 1.

This completes the proof. �

Theorem 6.2. The ramification polygon rp(Li−1/Li) consists of exactly one segment, which
corresponds to the segment Si of rp(L/K) as follows:

(a) The slope of rp(Li−1/Li) is equal to the slope of Si.
(b) The associated inertias of rp(Li−1/Li) and Si are equal.

(c) For each root δ of the associated polynomial Ai(y) of Si the element δp
si−1

is a root
of the associated polynomial of rp(Li−1/Li).

Proof. The minimal polynomial of α1 over L1 is
∏ps1

i=1(x − αi). So the slope of rp(L0/L1) is
equal to the slope of S1. By the Theorem of the Product [14, 3] the associated polynomial of
rp(L0/L1) is Ai(y). Thus (a), (b), and (c) hold for i = 1. The claims (a), (b), and (c) follow
by induction on i by Lemma 6.1. �

7. Splitting Fields

In order to determine the Galois group of an Eisenstein polynomial ϕ(x) we look at
its splitting field. If the ramification polynomial of ϕ(x) consists of one segment, we can
explicitly construct the splitting field of ϕ(x). In the general case we consider the splitting
fields of the subfields corresponding to the segments of the ramification polygon and obtain
the splitting field of ϕ(x) as a p-extension over their compositum.

11



Ramification Polygons with One Segment. Assume that the Newton polygon of ρ(x)
is a straight line. It follows from Lemma 4.1 that this can only be the case if either p - n or
n = pm for some positive integer m. Since we have treated the case p - n in section 2, we
assume n = pm.

The tamely ramified subfield of the splitting field of ϕ(x) is the splitting field of the
ramification polynomial ρ(x) of ϕ(x). We first consider the splitting field of such a polynomial
ρ(x) whose degree is not divisible by p.

Lemma 7.1. Assume that the Newton polygon of ρ(x) ∈ OL[x] consists of one segment of
slope −h/e with gcd(h, e) = 1 = ae + bh for a, b ∈ Z and gcd(e, p) = 1. Assume that its
associated polynomial A(y) ∈ L[y] is square free and let f be its associated inertia. Let I/L
be the unramified extension of degree lcm(f, [L(ζe) : L]) and let ε ∈ OI with A(−ε) = 0. Then

N = I
(

e
√
−(−ε)bπ

)
is the splitting field of ρ(x)

Proof. Denote by A(x) ∈ OL[x] a lift of A(y). Let M/K be the minimal unramified extension
over which A(y) splits into linear factors, say A(y) = (y − γ1) · . . . · (y − γn/e) over M. Let
N = M(β, ζe) where β is a root of ρ(x) and ζe is an e-th root of unity. Let γ = βe/πh then

A(γ) = 0. The field N is the splitting field of ρ(x), if ρ(x) or equivalently ρ(βx)

πhn/e
, splits into

linear factors over N. We obtain

ρ(βx)

(γπh)n/e
≡
(
xe − γ1

γ

)
· . . . ·

(
xe −

γn/e
γ

)
mod πNON[x],

where πN denotes a uniformizer in the valuation ring ON of N. As gcd(e, p) = 1 for 1 ≤ i ≤
n/e the polynomials xe − γi

γ
are square free over N. Because ζe ∈ N, they split into linear

factors over N. Hensel lifting yields a decomposition of ρ(βx)

(γπh)n/e
into linear factors. It follows

that ρ(x) splits into linear factors over N, thus N is the splitting field of ρ(x).
Over M the polynomial ρ(x) splits into irreducible factors θi(x) =

∑e
j=0 θi,jx

j (1 ≤ i ≤ n/e)

where θi,0 ≡ −γiπh mod (πh+1). By Proposition 2.1 the extensions generated by the θi(x) are
isomorphic to the extensions generated by the polynomials xe + (−γiπh)bπae = xe + (−γi)bπ
with ae+ bh = 1. �

Lemma 7.2. Let u a power of p. Let F (x) =
∑r

i=0 aix
pi ∈ Fu[x] be an additive polynomial

and assume e ∈ N is a divisor of u − 1 and of all pi − 1 for all 1 ≤ i ≤ r with ai 6= 0. If
1 ∈ Fu is a root of G(x) =

∑r
i=0 aix

(pi−1)/e, then F (x) splits into linear factors over Fu if
and only if G(x) splits into linear factors over Fu.

Proof (by Peter Müller). Clearly, if F (x) splits into linear factors then G(x) splits into linear
factors, as the roots of G(x) are powers of the roots of F (x).

Let E be the splitting field of xe − 1 over Fp. Since e | u− 1 we have E ⊆ Fu. Let M be
the set if roots of F (x) in the algebraic closure of Fp. As F (x) is additive M is additively
closed. Furthermore, if λ ∈ E and v ∈ M then λv ∈ M , because we had assumed that E is
a subfield of Fpi for all 1 ≤ i ≤ r with ai 6= 0. Hence M is an E-vector space.

For each 0 6= v ∈ M the element ve is a root of G(x) and therefore ve is contained in
Fu. So ve(u−1) = 1 and, as E contains the e-th roots of unity, vu−1 ∈ E×. Thus there exists
λv ∈ E× with vu = λvv.
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Now assume that v ∈M but v 6∈ E. As G(1) = 0 we have 1 ∈M . It follows from

λ(v+1)(v + 1) = (v + 1)u = vu + 1u = λvv + 1

and the linear independence of 1 and v, that 1 = λ(v+1) = λv. Hence M ⊆ Fu, so F (x) splits
into linear factors over Fu. �

Theorem 7.3. Let ϕ(x) ∈ OK[x] be an Eisenstein polynomial of degree npm and assume
that its ramification polygon rp(ϕ) consists of one segment of slope −h/e where gcd(h, e) =
1 = ae + bh for a, b ∈ Z. Let α be a root of ϕ(x), L = K(α) and A(y) ∈ L[x] the associated
polynomial of rp(ϕ) with associated inertia f . Then

N = I
(

e
√
−(εb)α

)
is the splitting field of ϕ(x) where I/L is the unramified extension of degree lcm(f, [L(ζe) : L])
and ε ∈ K is arbitrary with A(−ε) = 0.

Proof. By the construction of the ramification polynomial ρ(x) the splitting field of ρ(x) over
L is the splitting field of ϕ(x) over K. To be able to use Lemma 7.1 to find the splitting field
of ρ(x), we need to show that A(y) is square free.

Let ρ(x) =
∑n

i=0 ρix
i ∈ OK[x] be the ramification polynomial of ϕ(x). Then the associated

polynomial to rp(ϕ) is

A(y) =

(n−1)/e∑
j=0

Ajy
j =

(n−1)/e∑
j=0

ρjeα
h(j−(n−1)/e)yj ∈ L[y].

We consider the polynomial B(x) =
∑n

i=0Bix
i = xA(γxe) for a root γ of A(y). It follows

from the construction of A(y) that Aj 6= 0 if the corresponding coefficient ρje of ρ(x) yields
a vertex of rp(ϕ). By Lemma 4.1 if Bi 6= 0 then i = ps for some s ∈ {0, . . . ,m}. Thus
B(x) is an additive polynomial. Furthermore B′(x) = B1 = A0, so gcd(B(x), B′(x)) = 1
and therefore B(x) and A(x) are square free.

It remains to be shown that lcm(f, [L(ζe) : L]) is the degree of the splitting field of A(y)
over Fq ∼= K. Because the associate inertia f is the degree of the splitting field of A(y)
over Fq and as e | (qf − 1) this follow from Lemma 7.2 with u = qf , F (x) = B(x) and
G(x) := A(γx). �

The General Case. In the general case, that is when rp(ϕ) consists of more than one
segment, ramification polygon and associated polynomials do not provide enough information
to describe the splitting field completely. But we can use the results for one segment and the
correspondence of theorem 6.2 to give a subfield T, such that the splitting field of ϕ(x) is a
p-extension over T. In other words, the field T contains the maximal subfield of the splitting
field, which has degree coprime to p over the ground field.

Theorem 7.4. Let ϕ(x) = xn +
∑n−1

i=0 ϕix
i ∈ OK[x] be Eisenstein of degree n = epm with

p - e and m > 0. Assume the ramification polygon rp(ϕ) of ϕ(x) consists of ` + 1 segments
S1, . . . , S`+1. For 1 ≤ i ≤ ` let

• mi = −hi/ei be the slope of Si with gcd(hi, ei) = 1 = diei + bihi for di, bi ∈ Z,
• Ai(y) ∈ OK[y] be the associated polynomial and fi associated inertia of Si,
• γi ∈ K such that Ai(γi) = 0, and
• vi = bi · e · pm−si−1 + n+ 1.
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Moreover we denote by I the unramified extension of K of degree

f = lcm(f1, . . . , f`+1, [K(ζe1) : K], . . . , [K(ζe`) : K])

and by N the splitting field of ϕ(x). Let α be a root of ϕ(x) and K(α) = L0 ⊃ L1 ⊃ · · · ⊃
L` ⊃ K as in Theorem 6.2 be the tower of subfields corresponding to rp(ϕ). Then:

(a) The field

T = I
(

e1

√
γn1ϕ0, . . . , e

√̀
γn` ϕ0, e

√
ϕ0

)
for 1 ≤ i ≤ `

is a subfield of N/K, such that N/T is a p-extension.
(b) For 1 ≤ i ≤ `− 1 the extensions TLi−1/TLi are elementary Abelian.
(c) The extension T/K is Galois and tamely ramified with ramification index e0·lcm(e1, . . . , e`).

Furthermore [T : K] < n2.

Proof. Assume the that the roots α = α1, . . . , αn of ϕ(x) are ordered as in Lemma 5.2 For
1 ≤ i ≤ ` we have Li = K(βi) with βi = α1 · · ·αpi). The conjugates of βi are of the form

β
(j)
i = α(j−1)psi+1 · · · · · αjpsi .
Theorem 7.3 yields the normal closure Ni of Li−1/Li. By Theorem 6.2 we can use ei, bi,

and fi of the segment Si when determining Ni. If εi is a root of Ai(y) then, by Theorem 6.2
(c), we get

Ni = Ii

(
ei

√
−((−εp

si−1

i )bi)βi−1

)
with Ii/Li−1 unramified of degree lcm(fi, [Li−1(ζei), Li−1]) and −δi ∈ OI a lift of a root of the
associated polynomial to rp(Li−1/Li). Furthermore Ni/Li is normal. By Lemma 8.1 the first
ramification group and therefore the wildly ramified part of Ni/Li is elementary Abelian.

For the tamely ramified extension L`/K we set N`+1 = I`+1 = L`(ζe0).
We now collect all unramified extensions over K and consider the tower of extensions

IL ⊃ IL1 ⊃ · · · ⊃ IL` ⊃ I ⊃ K.

By the definition of I the extensions INi/ILi are Galois an totally ramified and their tamely

ramified part INi/ILi−1 is generated by xei + (−1)biεbip
si−1

i βi−1.
Similarly to the unramified parts we now consider the tamely ramified parts over I. The

minimal polynomial of
ei

√
−((−εp

si−1

i )bi)βi−1 over I is the norm of its minimal polynomial of

Ni/Ii:

NILi−1/I

(
xe + ((−εp

si−1

i )biβi−1

)
and its constant term is

(
(−1)biεbip

si−1

i

)[ILi−1:I]

(−1)nϕ0. The product of the conjugates of

βi−1 is up to sign equal to
∏n

i=1 αi = ±ϕ0. So

Ti = I

(
eie0

√
(−1)viεbip

n

i ϕ0

)
is Galois and the tamely ramified part of INi/I (1 ≤ i ≤ `). Each of these extensions contains
I/L`/I. The compositum of the Ti is T. In the new tower of extensions

TL = TL0 ⊃ TL1 ⊃ · · · ⊃ TL`−1 ⊃ T ⊃ I ⊃ K
14



the extension T/K is Galois, because it is the compositum of Galois extensions. Also
TLi−1/TLi is an elementary Abelian p-Extension which proofs (b). It follows by induction
that N/T is a p-extension.

The ramification index of T/K follows from Abhyankar’s Lemma (see, for example, ??chapter
5 §2]nark, as T is the compositum of the tamely ramified extensions Ti/K. A first, obvious,
bound for [T : K] is e0 · [K(ζe0) : K] ·

∏
ni with nieifi · [K(ζei) : K]. By Theorem 6.2 we can

use the extension Li−1/Li to estimate ni for 1 ≤ i ≤ `. We obtain∏̀
i=1

ni < (ps1ps2−s1 · · · · · ps`−s`−1)2 = (ps`)2 = (pm)2.

Furthermore e0 · [K(ζe0) : K] < e2
0 which implies (c). �

8. Galois Groups

In the case of an Eisenstein polynomial ϕ(x) with one-sided ramification polygon we use
the results of section 7 and the well known structure of Galois groups of tamely ramified
extensions (theorem 2.3) to give an explicit description of Gal(ϕ) .

Recall, that we denote the slope of the ramification polygon by −h/e (gcd(h, e) = 1) and
that the degree of ϕ(x) is equal to pm. Denote by N the splitting field of ϕ(x), by L the subfield
generated by a root of ϕ(x), and by T the maximal tamely ramified subfield of N/K. By
Lemma 7.1 T/K has ramification index e and its inertia degree f is determined by the degrees
of the irreducible factors of the associated polynomial over K. Set G = Gal(ϕ) = Gal(N/K),
H = Gal(N/L), and let G1EG be the first ramification subgroup of N/K. Then G = G1 oH
holds, as L and T satisfy the conditions L∩T = K and LT = N. Because H is the Galois group
of a tame extension, its structure is well known (Theorem 2.3). It remains to determine the
group G1 and the action of H on G1.

We denote by Gi the i-th ramification subgroup of G. In the following, we examine the
ramification filtration G ≥ G0 ≥ G1 ≥ . . . of G.

Lemma 8.1. The ramification filtration of G = Gal(ϕ) is

G ≥ G0 ≥ G1 = G2 = . . . = Gh > Gh+1 = {id}

The group G1 = Gal(N/K is isomorphic to the additive group of Fpm.

Proof. Let πN be a prime element of N. We have to show the equality νN(πgN − πN) = h + 1
for all g ∈ G1. As N = LT the ramification polygon rp(N/T) is a line of slope −e · h

e
= −h.

Thus νN(
πgN−πN
πN

) = h for all g ∈ G and therefore we obtain

νN(πgN − πN) = νN

(
πgN − πN
πN

)
+ νN(πN) = h+ 1 for all g ∈ G1

as desired. Since the quotients Gi/Gi+1 for i ≥ 1 embed into the additive Group of the
residue class field of N (see [19, chapter IV]), the second statement follows from G1 = Gh =
Gh/Gh+1. �

The next theorem specifies the action of H on G1 and describes the Galois group G as
a subgroup of the affine group AGL(m, p). We denote by ℘ = (πN) the maximal ideal of
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the valuation ring ON. The group G acts naturally on the quotients ℘i/℘i+1 which are, as
additive groups, isomorphic to the additive group of the residue class field of N. Furthermore,

Θi : Gi/Gi+1 → (℘i/℘i+1,+) : gGi+1 7→
(
πgN
πN
− 1

)
+ ℘i+1

embeds each quotient Gi/Gi+1 into ℘i/℘i+1 (see again [19, chapter IV]).

Theorem 8.2. Let ϕ(x) ∈ OK[x] be an Eisenstein polynomial of degree pm, whose ram-
ification polygon consists of one single segment of slope −h

e
with gcd(h, e) = 1. Then

Gal(ϕ) = G1oH, where G1 is the first ramification group and H corresponds to the maximal
tamely ramified subfield of the splitting field of ϕ(x) (see Proposition 7.3). Moreover, Gal(ϕ)
is isomorphic to the group

G̃ = {ta,v : (Fp)m → (Fp)m : x 7→ xa+ v | a ∈ H ′ ≤ GL(m, p), v ∈ (Fp)m}
of permutations of the vector space (Fp)m, where H ′ describes the action of H on Θh(Gh/Gh+1) ≤
℘h/℘h+1 (see definition above).

Proof. We have already seen, that Gal(ϕ) = G1 oH. If G̃1 = {sv : x 7→ x + v | v ∈ (Fp)m}
and H̃ = {ua : x 7→ xa | a ∈ H ′} then G̃ = G̃1 o H̃, where the action of H̃ on G̃1 is the
multiplication of a vector by a matrix: suav : x 7→ (xa−1 + v)a = x+ va. First of all, we have

G̃1
∼= G1 = Gh/Gh+1 by Lemma 8.1.

Now, we relate the actions of H on ℘h/℘h+1 and on G1. The injective homomorphism

Θh : Gh/Gh+1 = G1 → ℘h/℘h+1 : g 7→
(
πgN
πN
− 1

)
mod ℘h+1

is a H-homomorphism, which means, that Θh(g)b = Θh(g
b) for g ∈ G1, b ∈ H. To see that,

let πgN = πN(1 + δ) with δ ∈ ℘h. Then Θh(g)b = δb mod ℘h+1. For computing Θh(g
b) =(

πg
b

N

πN
− 1

)
mod ℘h+1, set πb

−1

N = πNε with ε ∈ O×N and consider πg
b

N = πb
−1gb

N = (πNε)
gb =

(πgNε
g)b. This is modulo ℘h+1 congruent to (πgNε)

b = (πN(1+δ)ε)b = (πNε)
b(1+δ)b = πN(1+δb)

which proves the assertion.
It follows, that H acts on G1 in the same way as it acts on Θh(G1) ≤ ℘h/℘h+1, where

both groups are isomorphic to (Fpm ,+). Because the action on Θh(G1) must be faithful, the
action on G1 is faithful, too. Let H ′ be the subgroup of GL(m, p), which describes the action

of H on Θh(G1). Then H ∼= H ′ ∼= H̃ and thus Gal(ϕ) ∼= G̃. �

Remark 8.3. Another way to describe the Galois group is as a finitely presented group:

Gal(ϕ) ∼=

〈
s, t, a1, . . . , am

∣∣∣∣∣ se = 1, tf = sr, st = sq, [ai, aj] = 1,
api = 1, asi = si, a

t
i = ti for 1 ≤ i < j ≤ m

〉
.

Here s and t generate a subgroup isomorphic to H and a1, . . . , am generate a normal subgroup
isomorphic to G1. The number e is the denominator of the slope of rp(ϕ) and f is equal
to lcm(f1, [K(ζe) : K]), where f1 denotes the associated inertia. The integer r fulfills the
condition A(ζr) = 0 for a primitive (qf −1)-th root of unity ζ and the associated polynomial
A(y) ∈ L[y] (compare lemma 7.1 and theorem 2.3). The elements si and ti are words in
a1, . . . , am. They are determined by the action of the generating automorphisms of H on
Θh(G1) = Θh(Gh/Gh+1) ≤ ℘h/℘h+1.
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In both descriptions of Gal(ϕ) we need a little computation to get the action of H on
Θh(G1) and therefore the matrix group H ′ (or the elements si and ti). As we have two
generators of H explicitly as automorphisms of N/L (see 2.3), we can determine their action

on ℘h/℘h+1. We use the representation of H of dimension f̃ ·f over Fp, where f̃ denotes the
inertia degree of the ground field K.

Now, we have to find the submodule Θh(G1) ∼= F+
pm of the H-module (℘h/℘h+1,+) ∼= F+

qf
,

as, in general, qf ≥ pm. In the following lemma we show that Θh(G1) can easily be computed
form the zeros of the associated polynomial A(y) ∈ K[y]. Recall that the splitting field N of
ϕ(x) ∈ OK[x] can be represented in the form N = L(ζ, πN) = K(α)(ζ, πN) with πN = e

√
ζrα

and let d = pm−1
e

be the degree of the associated polynomial A(y).

Lemma 8.4. Let γ
1
, . . . , γ

d
be the zeros A(y) in N and a, b ∈ N with ae− bpm = 1. Then:

(a) For 1 ≤ i ≤ d the residue class field N contains the e-th roots of
γ
i

ζrh
which we denote

by γ
i,1
, . . . , γ

i,e
.

(b) The images of G1 under Θh are

{0 + ℘h+1, aγi,jπ
h
N + ℘h+1|1 ≤ i ≤ d, 1 ≤ j ≤ e},

where γi,j denotes a lift of γ
i,j
∈ N to ON.

Proof. (a) The roots −1 + αi
α

(s ≤ i ≤ pm) of the ramification polynomial ρ(x) have N-

valuation h and therefore the form ξπhN for some ξ ∈ O×N . By Lemma 3.1 the roots of A(y)
are of the form (

(ξπhN)e

αh

)
=

((
ξ e
√
ζrα
)e

αh

)
= ξeζrh.

(b) The homomorphism Θh : Gh/Gh+1 → (℘h/℘h + 1) is independent of the choice of
the prime element. As in the proof of Lemma 4.4 we therefore can use the prime element
π′N = αa/βb, where β is an uniformizing element of T. Also as in the proof of Lemma 4.4,
we use the representation αi/α = 1 + δαh/e with ν(δi) = 0 for the roots of ρ(x). Note that δ
and αh/e in general are not elements of N.

Now we have for σ ∈ G1, because p - a, that

σ(π′N)

π′N
− 1 =

αai
βb
βb

αa
− 1 =

(αi
α

)a
− 1 = αδαh/e + . . . .

The image Θh(σ) is the coset of aδαh/e+. . . in ℘h/wph+1. In order to find a representative by

elements in N for this class we start with ξ e
√
ζrα

h
= δαh/e which is equivalent to δ = γ e

√
ζr
h
.

Thus, as ξ ∈ O×N :

σ(π′N)

π′N
− 1 = aξ e

√
ζr
h
e
√
α
h

+ · · · = aξπhN + · · · ≡ aξπhN mod ℘h+1.

Since each of the d = (pm − 1)/e roots of A(y) give e elements ξ, we have, together with
0 + ℘h+1, described all images of Θh. �

Remark 8.5. We use the notation from the proof of Lemma 8.4 above. The operation of the
field automorphisms s and t (see Theorem 2.3) on Θh(G1) are s(ζ iπhN+℘h+1) = ζ`h+iπhN+℘h+1

and t(ζ iπhN + ℘h+1) = ζ`hk+qiπhN + ℘h+1.
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9. Examples

We give some examples to demonstrate the calculation of Galois groups using our results.
We consider two polynomials of degree 9 over Q3 leading to different Galois groups and one
polynomial of degree 81 over Q3.

In each of the examples we denote by L = K(α) the field generated by a root α of the
respective polynomial.

Example 9.1. romano example5.1

Example 9.2. We determine the Galois group of ϕ(x) = x9 + 9x + 3 ∈ Q3[x]. The ram-
ification polygon of ϕ(x) is a straight line connecting the points (0, 10) and (8, 0) of slope
−h
e

= −5
4
. Therefore the polynomial ϕ(x) is not covered by Romano’s results. Let α be

a root of ϕ(x) and L = Q3(α). The associated polynomial A(y) = y2 + 1 ∈ L[x] = F3[x].
of the ramification polynomial ρ(x) ∈ L[x] is irreducible, so its associated inertia is f = 2.
The inertia degree of the splitting field of ρ(x) is lcm(2, 4) = 4. Let ζ be a primitive eighth

root of unity. Because ζ2 is a root of A(y) = y2 + 1, Lemma 7.1 gives us N = L(ζ, 4
√
ζ2α)

as the splitting field of ρ(x) over L, which is also the splitting field of ϕ(x) over Q3 (see

Proposition 7.3). Set πN = 4
√
ζ2α. By Theorem 2.3 (with e = 4, f = 2 and r = 2) the group

H = Gal(N/L) is generated by the automorphisms

s : ζ 7→ ζ, πN 7→ ζ2πN and t : ζ 7→ ζ3, πN 7→ ζπN.

With Remark 8.5 we get S ∈ GL(2, 3) as the representation matrix of the automorphism of
F+

32 given by ζ i 7→ ζ10+i and T ∈ GL(2, 3) as the representation matrix of the automorphism
ζ i 7→ ζ3i. With a basis corresponding to 1, ζ of ℘5/℘6 ∼= (F32 ,+), we obtain

S =

(
1 1
1 2

)
and T =

(
0 2
1 0

)
which represent the action of s and t on the first ramification group G1. The matrices S
and T generate a representation of the quaternion group Q8 of order 8 over F3. In this
special case we are already in the right dimension 2 and it is not necessary to search for a
submodule. Hence the Galois group of ϕ(x) is isomorphic to the group

G =
{
ta,v : (F3)2 → (F3)2 : x 7→ xa+ v

∣∣ a ∈ 〈S, T 〉, v ∈ (F3)2
}

∼= C2
3 oQ8.

Example 9.3. Let ϕ(x) = x9 + 3x2 + 6 ∈ Q3[x]. Here, the ramification polygon connects
the points (0, 2) and (8, 0), therefore has slope −h

e
= −1

4
. The associated polynomial of

the ramification polynomial ρ(x) ∈ L[x] is congruent to x2 + 2 in L[x]. As x2 + 2 splits
into linear factors over L ∼= F3, the polynomial ρ(x) generates totally and tamely ramified
extensions of degree 4 of L. Hence we must add the 4-th roots of unity to get the splitting
field N = L(ζ, 4

√
α) (see Lemma 7.1 and Proposition 7.3), where ζ is a primitive eighth root of

unity. By Theorem 2.3 (with e = 4, f = 2 and r = 0) the group H = Gal(N/L) is generated
by the automorphisms

s : ζ 7→ ζ, 4
√
α 7→ ζ2 4

√
α and t : ζ 7→ ζ3, 4

√
α 7→ 4

√
α.
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With a basis corresponding to 1, ζ of ℘/℘2 ∼= (F32 ,+), we obtain

S =

(
1 1
1 2

)
and T =

(
1 0
1 2

)
for the action of s and t on G1. Again, we are already in the right dimension and do not have
to search for a submodule. In this case S and T generate a representation of the dihedral
group D8 of order 8 over F3 and Gal(ϕ) is isomorphic to

G =
{
ta,v : (F3)2 → (F3)2 : x 7→ xa+ v

∣∣ a ∈ 〈S, T 〉, v ∈ (F3)2
}

∼= C2
3 oD8.

Example 9.4. We determine the Galois group of the polynomial

ϕ(x) = x81 + 3x80 + 3x70 + 3x60 + . . .+ 3x10 + 3 ∈ Q3[x].

Let α be a root of ϕ(x) and L = Q3(α). The ramification polygon of ϕ(x) is a straight line
connecting the points (0, 10) and (80, 0) of slope −h

e
= −1

8
. The associated polynomial of

the ramification polynomial ρ(x) ∈ L[x] is

A(y) = y10 + 2 = (y + 1)(y + 2)(y4 + . . .)(y4 + . . .) ∈ L[x].

Hence the associated inertia is 4. With [Q3(ζ8) : Q3] = 2 we obtain the inertia degree
f = lcm(4, 2) = 4 of the splitting field. So T ∼= F34 . Let ζ be a (34 − 1)-th root of unity.
Because ζ0 = 1 is a root of A(y) = y10 + 2, Lemma 7.1 gives us N = L(ζ, 8

√
α) as the splitting

field of ρ(x) over L, which is also the splitting field of ϕ(x) over Q3 (see Proposition 7.3).
By Theorem 2.3 (with e = 8, f = 4 and r = 0) the group H = Gal(N/L) is generated by the
automorphisms

s : ζ 7→ ζ, 8
√
α 7→ ζ10 8

√
α and t : ζ 7→ ζ3, 8

√
α 7→ 8

√
α.

By Remark 8.5 we obtain S ∈ GL(4, 3) as the representation matrix of the automorphism of
F+

34 given by ζ i 7→ ζ10+i and T ∈ GL(4, 3) as the representation matrix of the automorphism
ζ i 7→ ζ3i. With a basis corresponding to 1, ζ, ζ2, ζ3 of ℘/℘2 ∼= (F34 ,+), these are

S =


1 0 2 2
2 1 0 1
1 2 1 1
1 1 2 2

 and T =


1 0 0 0
0 0 0 1
1 1 1 1
0 2 1 1

 .

Hence the Galois group of ϕ(x) is isomorphic to the group

G =
{
ta,v : (F3)4 → (F3)4 : x 7→ xa+ v

∣∣ a ∈ 〈S, T 〉, v ∈ (F3)4
}

∼= C4
3 o 〈S, T 〉.

of order 34 · 8 · 4 = 2592.

10. Acknowledgments

We thank Peter Müller from Universität Würzburg for the proof of Lemma 7.2. Support
was provided in part by a new faculty grant from UNC Greensboro and by a grant from the
Deutsche Forschungsgemeinschaft.

19



References

[1] D. Ford, S. Pauli, and X.-F. Roblot, A Fast Algorithm for Polynomial Factorization over Qp, Journal
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de Barcelona, 1999.

[12] J. Montes and E. Nart, On a Theorem of Ore, J. Algebra, 146 (1992), 318–334.
[13] W. Narkiewicz: Elementary and Analytic Theory of Algebraic Numbers, Springer Verlag, Berlin 2004.
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