Constructing Splitting Fields of Polynomials over Local Fields

Jonathan Milstead, Sebastian Pauli, and Brian Sinclair

Abstract We present an algorithm that finds the splitting field of a polynomial over a local field. Our algorithm is an
OM algorithm modified for this task.

1 Introduction

Let K be a local field. We present an algorithm that given a polynomial ¢ € Ok [x] computes the splitting field L of @,
that is K(0y,...,60y) where 60y,..., Oy are the roots of P.

Our algorithm is a variation of an OM algorithm [2], that is specialized to the computation of splitting fields. OM
algorithms are named after Ore-MacLane or Okutsu-Montes and are algorithms that compute the OM invariants of a
polynomial @ [15} 9] which can be used to compute the factorization of &, an integral basis of the fields generated
by the irreducible factors of @, their inertia degree and ramification index, and the decomposition of primes in the
maximal order of the global field generated by @. Several algorithms have been developed for these tasks, for example
by MacLane [12] (prime decomposition), Ford and Zassenhaus [5] (integral bases), Okutsu [15] (integral bases), and
Montes [[14] (prime decomposition). All of them compute the OM invariants more or less explicitly. Our algorithm is
based on Montes’ algorithm [[14} 8] [18]].

Our method for computing splitting fields uses the information about the extension generated by the roots of @
computed in each iteration of the OM algorithm to construct subfields of L of & until the splitting field is obtained.
In particular we extend our approximation L to the splitting field as soon as we find inertia or that the splitting field
contains a certain tamely ramified subextension. We generate wildly ramified subfields of L as soon as we have found
an irreducible factor of @ generating such an extension. In our representation of the algorithm we follow the approach
in [[19]. An application of our algorithm can be found in [1]. It can also be modified into an root separation algorithm.

A method, similar to ours, is available in Magma [3]]. It makes multiple calls to a variant of the Round 4 algorithm,
but does not make use of all the information computed internally. The Round 4 algorithm is an OM algorithm that is
less efficient than the algorithms based on Montes’ methods [14]. The implementation of the Round 4 algorithm (a
combination of the algorithms described in [6] and [17]) in Magma returns the factorization of a polynomial over a
local field and in addition the extensions generated by the irreducible factors of the polynomial. In the computation of
splitting fields, an initial call to Round 4 is used to generate the unramified extension whose degree is the least common
multiple of the inertia degrees of the extensions generated by the irreducible factors of @. Then @ is considered over
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the extended field. After each subsequent call to Round 4, the field is extended using one of the irreducible factors of
& over the current approximation to the splitting field until & splits into linear factors.

1.1 Overview

Section [2] contains a description of situations when factorizations of polynomials can be derived. Although we do not
use these methods directly (they are used in the Round 4 algorithm), they make understanding the algorithm easier. In
Section [3| we give some results about tamely ramified extensions and composites of tamely ramified extensions. The
general strategy of the splitting field algorithm is outlined in section [4] with technical details provided in section [5|and
[6l We present the splitting field algorithm and some auxiliary algorithms in section[7}

1.2 Notation

Let K be a local field, that is a field complete with respect to a non-archimedian exponential valuation v with finite
residue class field K = F; of characteristic p. We denote the multiplicative group of K by K*. Let € be the valuation
ring of K and let ®(x) € Ok[x]. For our purposes, v = vk is normalized such that vk(7k) = 1 where 7 = 7K is a
uniformizing element in Ok. For y € Ok we denote by ¥ the class ¥+ () in K. The unique extension of v to an

algebraic closure K of K (or to any intermediate field) is also denoted v. If L/K is a finite extension then v, denotes
the valuation that is normalized such that v| (7 ) = 1 where m_is a uniformizing element of L.

Definition 1. For y e K~ and § € K~ we write ¥ ~ 8 if
o(r—8) > ()
and impose the supplementary condition 0 ~ 0. For ¢(x) = ¥Y"_,c;x’ and y(x) = Y7, bix’ in K[x] we write ¢ ~  if
minp<;<, v(c; —d;) > ming<i<, v(¢;).

It follows immediately that the relation ~ is symmetric, transitive, and reflexive. Let L be a finite extension of K with
uniformizing element 7 . Two elements ¥y = ym * € L and 6 = dym " € L with v(y) = v(8y) = 0 are equivalent with
respect to ~ if and only if u = w and ¥ = & mod (7).

2 Hensel Lifting and Newton Polygons

Hensel lifting yields a factorization of polynomials over local fields in certain cases and Newton polygons give valuable
information about the roots of polynomials. We show how these two tools can be used to obtain proper factorizations
in more general cases.

Theorem 1 (Hensel’s Lemma). Let @ € Ok [x] be monic. If ® = ¢ ¢, mod (1) where @ and @, are coprime modulo
T, then there is a factorization ® = ®, D, with &1 = ¢; mod (1) and P, = ¢, mod (7).

For an example of an efficient Hensel lifting algorithm that lifts a factorization modulo (7) to a factorization modulo
(m)* for any given s, see [20]. We can also obtain an approximation to a factorization of @ if Hensel lifting can be
applied to the characteristic polynomial of an element ¢ + (®) in Ok|[x]/(P).

Definition 2. Let @ (x) = 1}’:1 (x—0)) € Ok[x]. For ¢ € K[x] we define

=

Xo(¥) := [ |r—0(6) = resy(P(x),y — @(x)) € K[y].
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Proposition 1. Let y € K[x] with x, € Ok[y|. If X, has at least two distinct irreducible factors then @ is reducible in
ﬁK [x]

Proof. Suppose x, has at least two irreducible factors. Then, Hensel’s lemma gives relatively prime monic polynomi-
als 1 € Ok[y] and x> € Ok[y] with x1 x> = Xy. Reordering the roots 6y, ..., Oy of @ if necessary, we may write

2100) = —v(61)) (y—7(6,) and x2(y) = (y = ¥(6r+1)) - - (v — ¥(6n)),
where 1 < r < N. It follows that
@ = ged(P, x1(7)) - ged(P, x2(7))
is a proper factorization of .

Definition 3 (Newton Polygon). Let @(x) = YV, c;x. The lower convex hull of {(i,v(c;)) | 0 < i < N} is the Newton
polygon of ®.

The negatives of the slopes of the segments of the Newton polygon of ¢ are the valuations of the roots of @. The
length of the segment (in x-direction) is the number of roots with this valuation. The negatives of the slopes of the
Newton polygon of the characteristic polynomial x, of ¢ 4 (&) are the valuations v(¢(0)) for the roots 6 of P.
Propositionm yields a constructive method for finding a factorization of @ if ), has more than one segment:

Corollary 1. Let ¢ € K[x] with o € Ok[y). If there are roots 8 and 6" of ® such that v(¢(0)) # v(@(0’)) then we
can find two proper factors of ®(x) over Ok|x].

Proof. Let O be the set of roots of @ and let ii/e = min{v(¢(8)) | 6 € O}. Setting y:= ¢°/n" we get
max{v(y(0)) |0 € ® and y(6) =0} > min{v(y(0)) | 6 € O and y(6) =0} =0.

Thus Proposition[I] yields a factorization of &.

3 Tamely Ramified Extensions

For all f € N there is, up to isomorphism, a unique unramified extension of K of degree f. Such an extension can be
generated by any monic polynomial of degree f that is irreducible over K.

Each totally and tamely ramified extension of degree e can be generated by a polynomial of the form x¢ — ymk
where v(y) = 0. In certain cases we can obtain a generating polynomial of a tamely ramified subextension from a
polynomial generating a totally ramified extension.

Proposition 2 ([[7, Proposition 2.1]). Let n = egp™ with p { e and let
n—1 )
P(x) =x"+ Y ¢x' + o € Ok[x]
i=1

be a polynomial whose Newton polygon is a line of slope —h/n, where gcd(h,n) = 1. Let a be a root of ¢. The
maximum tamely ramified subextension M of L = K(&t) of degree ey can be generated by the Eisenstein polynomial
X0 — (—yp )P where a and b are integers such that aeq +bh = 1 and Wy € Ox[x] with Wy = @p mod (z"+1).

This proposition also yields the standard form for generating polynomials of tamely ramified extensions mentioned
above.

Corollary 2. Let ¢(x) = Y%, @ix' € Ok[x] be an Eisenstein polynomial and assume p { e. If W(x) = x° + W with
Wo = @ mod (72), then the extensions generated by ¢(x) and y(x) are isomorphic.



In our algorithm we need to find the composite of several tamely ramified extension of the same degree.

Proposition 3. Let @) (x) = x° — 1w € Okly] and @2(x) = x° — 1w € Ok[x] with pte and v(1) = v(1n) =0. Let 6,
and 6, be a roots of Q| and @, respectively. Then the composite of K(0) and K(6,) is the unramified extension of
K(6)) whose degree is the least common multiple f of the degrees of the irreducible factors of 7° — % € K[z].

Proof. We have
(Pz(elx) = (91)6)6 —hHhr= Gfxe —hr = (}/1717))66 —hr.

Dividing by ¥, gives x° — % =0. So the composite of K(8;) and K(6,) is the extension of K(0) ) that contains the roots
of 7(x) =x° — 2. Since ged(x* — 2, 4 (xe — 2)) = ged(x* — 22, ex*"") = 1 the polynomial 7(z) = z° — 2 € K(61)[Z]
is squarefree. Denote by f the least common multiple of the degrees of the irreducible factors of 7. Then 7 splits into

linear factors in the unramified extension of K(0;) of degree f, which is the composite of K(6;) and K(6,).

4 Partitions of Zeros and Types

Let @(x) = xV + YV ! cix’ € O [x] be separable and squarefree and let @y = {6;,..., 6y} be the set of zeros of & in
K. We want to find the splitting field of &, that is the smallest extension L/K over which @ splits into linear factors.
We successively generate a tower of subfields of L until we have found L.

In this process we partition the set of the zeros of @ until all partitions contain exactly one zero of ¢. We obtain a
tree with root node ®y whose leaves consist of the sets containing exactly one zero of @. Every time we find sufficient
information about a subfield of L we continue over the corresponding extension.

In our description of the algorithm, we focus on one path from the root node ®, to a leaf. We indicate where
branching occurs, thus describing the construction of all root paths in the tree. The nodes of such a root path are
subsets of @y, where, if @, is a child of ®, then &, C 0,. To each node O, we attach a subfield K, of the splitting
field such that

KcKic---cK,cC---CL.

In our algorithm, we construct these extensions as soon as we find that L has a certain subfield. When we find a
divisor f of the inertia degree of L/K, we continue over the unramified extension of degree f. Similarly we construct
an unramified extension of degree e when we find ¢ € Ok, with v(¢(0)) = e’% where gcd(h,e) = ged(e,p) = 1 and
e # 1. To find generating polynomials of wildly ramified extensions, in addition to the field K, we attach a polynomial
@, to the node ©, that is an approximation to a polynomial that generates the wildly ramified part of K,(0)/K, for
0 € 0©,. When the degree of ¢, is the ramification index of K,(0)/K, then ¢, is an approximation to a unique factor
of @ that can be lifted to a factor @, of @ over K,,. We continue working over K, [x]/(@,).

We start the first iteration with a linear monic polynomial ¢; = x+ 8 € Ok[x]. The negatives of the slopes of the
segments of the Newton polygon of & (x — f3) are the valuations of the roots of &. Then

Li={v(¢:1(6)) ] 0 €6}

is the set of negatives of the slopes of the segments of the Newton polygon of ®(x — 3). We obtain a partition of @
into the sets {6 € @ | v(¢;(0)) = A} for A € L;. By Corollary[I]each of these sets corresponds to a factor of . For
some A; € L we set

O ={0 €6 [v(p1(0)) =M1} (1)
Without computing @} explicitly we investigate the extensions generated by the factor Heegl* (x— 0) of @ further.
Let A; = hy /d, in lowest terms. Then v(q)i]] (0)/x) =0 for all 6 € OF. We set

Ry = {B € K[7] | p irreducible ande(w) =0for 6 € @1*}



Let fi = lem{degp | p € Ry} and let K} be the unramified extension of K of degree f;. Then K} C L. Over KJ the
polynomials in R split into linear factors. Let

I ={¢]"(0)/2" €K} | 6 € O}

be the set of zeros of the polynomials in R;. By Proposition (I|each y € I] corresponds to a factor of & over Kj. We
continue to construct the splitting field of this factor. For some v, €hi let

o ={0cof|g'(0)/a" =7 }. @)

If |®;| = 1 then we have reached a leaf of the tree of partitions. Otherwise we write d; = pHle; with p fe;. If e; =1
we set Kj = KJ.

If e; > 1, for each y € I} we obtain a tamely ramified extension of K7 that is a subfield of L and let K be the
composite of these extensions and the unramified extension of K7 that contains the e-th roots of unity.

Over K; we have (pl”’l1 (6) ~ 6 for some 8 € K| for all 8 € @,. The ramification index of K;(0)/K; is divisible by

pHt and we use @, = @f 1 (0) — & as a first approximation to an irreducible factor of ¢ that generates a wildly ramified
extension of K;. All relevant information from the considerations above can be recovered from the tuple

(‘Pl,lhﬂh,y*l’l) € Ok[x] x Q x K[x] x K; [y].

In the second iteration of the algorithm we use @, to investigate the subfield of L that contains the roots in @
further. The set L, = {v(¢2(0)) | 6 € Oy} contains the slopes of the Newton polygon of the characteristic polynomial
@, + @ over K;. Each A € L, corresponds to a proper factor of @ (compare Corollary . Let A, € L; be the slope of
a segment of the Newton polygon and @5 = {6 € O; | v(¢,(0)) = A»} be the corresponding subset of zeros of ®. We
write Ay = hy /d, in lowest terms and d, = pH2 ey with p { e and set yp = min{y; — u;,0}.

We find v, € K [x] with deg y» < deg @ and vk, (y2(0)) = ha/p*> 2. Let

Ry = {B € K,[z] | p irreducible and p (M) =0for @ c @2*}’

which is the set of irreducible factors of the characteristic polynomial (pfzp " /w2 + @ over K. By Proposition |l|each
polynomial in R, corresponds to a factor of @. Let f, = lcm{degp | p € R,}. The splitting field L of & contains the
unramified extension K3 of degree f> of K;. If e2 # 1 L also contains the composite K of certain tamely ramified
extensions of K} of degree e,. Otherwise we set K, = K3. Over K, the slope A, of the segment becomes 7, /p*2. Let

5= {98 (6)/y2(6) e K | 6 € 5 }.

By Proposition|[T|each y € I3 corresponds to a factor of @ over K and a branch of in our tree of partitions. We follow
the branch corresponding to some Y, € I5 to the node

0, ={6€0; | 927" (6)/v2(6) =7, }.

If |®,] = 1, we do not need to investigate this branch of the tree of partitions further.

If |@,| = deg @, = p*t > 1 then ¢; is an approximation to an irreducible factor of & of degree deg @, that defines
a wildly ramified extension of K,. We obtain this factor with single factor lifting [10], construct the corresponding
wildly ramified extension, and start over at the root node ®, over this extension with a linear polynomial ¢ .

Otherwise we use Q3 = @5 2 Yy as the next approximation to an irreducible factor of @ that generates a wildly
ramified extension of K.

All the information obtained in this second iteration of the algorithm is included in or can be recovered from the
information in

(‘Pz»lzﬂlfzaZ*Zz) € ﬁKl [x] x Q x Kl[x] XKZ[Z]'



We inductively continue this process and keep track of the information computed in a sequence of such tuples called
types (see [8, Definitions 1.21, 1.22 and section 2.1]). We generalize them insofar as we allow the coefficients of the
polynomials in all tuples in a type to be in an extension of K.

Definition 4. Let & € Ok|x] and let L/K be a finite. Let t = (¢, A;, l//l,Bl_)lgl'gu where
(a) @1 € O\ [x] is linear, ¢; € O [x] is monic,

(b) A; = h;/d; € Q in lowest terms,

(¢) y; € L[x] with deg y; < deg ¢;, and

(d) P, € L irreducible.

We call ¢ an extended type of ® over L, if for all 8 in some subset @ of the set of roots of @ we have:

(@) v(gi(6)) = Ai

() v(y;(0)) = eA; with e = 7,61;‘?(57};_;;;;’3),

(&) p,(9(8)/yi(6)) =0, and
(h) v(9i(68)) > v(@i—1(6)) and deg ; = e - degp,  -deg@;— for2 <i<u.

We call ((pi,z.i,Bi)lgigu a type of @ over L.

Definition 5. Lett = (¢;,4;, y1,p l_)]g,'gu be an extended type over L. We call 7 optimal if deg ¢;—1 < deg @; for2 <i<u
and complete if
max{ ;| 1<i<u

deg(pM:p }degBl ..... B
If deg ¢; is a power of p for all 1 <i < u then we call ¢ a wild type of @ over L.

A type t describes a root path in a tree of partitions of @. If t = (¢;, A;, W, pi)1<i<u @ wild type over L with a corre-
sponding subset of roots ©,, then A; = h;/ ™ and lem(p™,...,p"™) = pma"{'"l"“’m“} divides the ramification index
of L(0) for 6 € ©,. In our considerations all types are wild and the polynomials p are linear.

At the end of the u-th iteration of our algorithm we construct a polynomial ¢, of degree pma"{m"“"’"“} that is
irreducible with v(¢,11(0)) > v(,(0)) for 6 € ©,.

In the following sections we describe methods for constructing ¢,+ 1, finding v(¢@,+1(0)) for all 6 € ®,, constructing
VW,.+1, and finding Py We will see that the sets @y D ©; D --- D 6, help in the understanding the algorithm, but will
never be explicitly needed in actual computations.

If t = (@i, Ay, ‘I’lapi)lgigu is an extended type over L and |@,| = p™{"1-m} then @, is an approximation to a

unique irreducible factor of @ over L of degree p™{"1mu} Using the information in #, this approximation can be

lifted to an approximation of arbitrary precision using single factor lifting (see [10]).

5 The First Iteration

We start our description of the construction of the splitting field of @ € &k [x] of degree N with the first iteration. We
have already gone through these steps in a more conceptual manner in the previous section. As before let ¢ € Ok|[x]
be linear and monic, say ¢;(x) = x+ 3, and let ®; denote the set of zeros of @ in K. Although we use the zeros in @
in our exposition, they are not needed in any of the computations.

5.1 Newton Polygons I

The Newton polygon of @(x — f3) yields the valuations of the zeros 0y, ..., 0y of ®. Alternatively we can also use the
¢1-expansion of P:



Definition 6. Let ¢ € Ok, [x] of degree N and ¢ € O, [x] of degree n be monic polynomials. We call

[N/n]

b= Z a;p
with deg(a;) < n the @-expansion of ®.

If ® = Z,'U:V({ deg @] ;@ is the @;-expansion of @, then the polynomial ;(y) = ZIH,V/ dee¢il 4.y has the zeros @;(8)
where 0 € @y. We have

0()=2(y—B)=1xp () 3)
with Y, asin Deﬁnition@ The negatives of the slopes of the segments of the Newton polygon of y; are the valuations
of ¢;(0) for 6 € ®. We obtain a partition of @ into the sets

{6coO|v(e(0)) =2}

where A is the negative of the slope of a segment of the Newton polygon of y;. To find the splitting field one continues
the algorithm for each of the sets in this partition.

5.2 Residual Polynomial 1

Residual (or associated) polynomials were first introduced by Ore [[16.[13]. They yield information about the unrami-
fied part of the extension generated by the zeros of @. Let S be a segment of the Newton Polygon of y; (y) = Zl Lay

(see (3 ), let m; be the length of S, (k,v(ay)) and (k+my,v(axim,)) its endpoints, and A; = %vl(a“") = % where
gcd(hy,d;) = 1 the negative of its slope. If

O ={6 €6 | v(e1(0)) =M},

then |®; | = m;. We evaluate x; at ¢;(6)y and obtain a polynomial whose Newton polygon has a horizontal segment
of length m. For 6 € @] we consider x; (¢;(0)y). Using the equivalence relation from Definition 1| we obtain

N o ktm my/d, _— _—
y) =Y ai(ei(0)y) ~ Y a;ipj(6)y' ~ Z ajay k@] T(0)y T
i=0 i=k

The last equivalence holds, because the x-coordinates of the points on the segment of the Newton polygon are of the
form k + jd; with 0 < j <m /d,. Furthermore for 0 < j <m;/d| we have v(a1d1+kgo{d‘+k(9)) =v(a;9*(0)) and the
polynomial is divisible by y*. Dividing 1 (¢ (6)y) by nv(“k)(p{‘(e)yk we obtain a polynomial of degree m, /d; that is
equivalent to a polynomial whose leading coefficient and constant coefficient have valuation zero:

(@O "y auaol Oy
megiont ~ & T w |

For & = ¢! /" we have v(g(8)) = v(¢" (6)/x") = 0. Substitution of ¢! by ex’1 yields

x1(@1(0)y) _mfl' aja, T €T yih

wogient =~ gy e

Replacing £y/! by z and considering the resulting polynomial over K yields the residual polynomial of S:



my/dy ) )
A(z)= ), ajq ™M Wl € K[
J=0

For 6 € ©] we have that (p;i1 (8)/7" € Kis azero of A,.

5.3 Unramified Extension I

Let fi be the least common multiple of the degrees of the irreducible factors of A. The unramified extension Kj of K
of degree f) is a subfield of L and A splits into linear factors over the residue class field K} of K.
Let I be the set of zeros of A| in K;. By Proposition[I| we can obtain a proper factor of @ over K; for each y € I3.
For some y; € I let
O ={0 €0 |p(6)"/" =y}

Our choice of ; determines on which branch of the tree of partitions of @ to follow.

5.4 Tamely Ramified Extension I

For all @ € @) we have v(¢;(0)) = A1 = hy /dy = h1/(e1 p™) where ged(hy,dy) = ged(eq, p) = 1.
If e; =1 is a power of p we set K; = K.
If e; # 1 is not a power of p, then the slope —h;/(e; pHi ) together with Y give enough information to provide

a generating polynomial of a tamely ramified subfield K; /K] of L. Let y; be a lift Y, to Ok, - We have 2% ~ Y, SO
e

(01’”1 ) '~ %7 Therefore for § = 67", we have 8¢ ~ y; . The Newton polygon of * (x) =x1 — ' is a line

of slope —h /e; with gcd(hy,e;) = 1. By Proposition if a and b are integers such that ae; + bh| = 1, the extension

generated by 7" is generated by the Eisenstein polynomial

T=x+ (=DM (na" )P r = x4 (— 1P =2+ (—p)'

As the splitting field of T contains the ej-th roots of unity we continue the computations over the tamely ramified
extension K; given by T over the unramified extension of K7 that contains the e;-th roots of unity. Using proposition
[3|we can obtain the composite of the tamely ramified extensions of degree e; given by all y € I.

5.5 Next Approximation I

After the considerations in section above we can assume Ay = hy/d; = h;/p", as either d; was a power of p
already or, if K; is a tamely ramified extension of K}, recomputing the Newton polygon gives a segment with slope
—A = —hy/p"'. In the latter case we also need to recompute the residual polynomial A in which will be of higher
degree. Again let I be the set of zeros of A, and Y, € Ii. Denote by 7 a lift of 7, to O, and set

O ={0c0)|of'(6)/m =7}

We have the relation (pf"u1 (8) ~n 71:{21 for all 8 € ©;. Now

_ PM hy
(PZ—(Pl *YIEKI



is an approximation to a polynomial generating the wildly ramified subextension of K;(6) with

v, (92(8)) = vi, (@] (8) =1 ) > hy > Iy Jdy = vy, (91(6).

5.6 Valuations 1

Leta= ;l|=0 aj (plj € Ki[x] with dega < deg @, = d; = p*'. As the valuations

hy _ di—1)h
v (01(6)) = B (o 0)) = LA
are distinct (and not in Z),
- . . j _ . ' .
vy (a(0) = min, v (a(0)9{(8)) = _ min  vic (a;(8))+ (/o).

Furthermore, if we only consider the terms with valuation vk, (a(6)) we obtain a polynomial that at 6 is equivalent to
a(x). That is, if vk, (a;(0)) + j(h1 /di) = vk, (a(0)) then we have a() ~ a;(8) + ¢ "/™) for 6 € ©,.

5.7 Polynomials with given Valuations 1

The data computed in the first iteration allows us, given ¢ € Z and d € N with ged(¢,d) = 1 and d | d; = p*, to find
y(x) € K[x] with v(y(0)) = & for 6 € @) and degy < d;.

If d = 1 then y(x) := ”|s<”1 with sz, = c has the property vk, (y(6)) = g forall 6 € ©;.

Otherwise d is a proper divisor of d;. Find s1 € Z such that s;h; = $d; mod d; and let so = § — v(9'(0)) € Z.
Now for y(x) := ﬂfoOl @1(x)*" € K[x] we have v(y(0)) = & for 6 € ©y.

5.8 Arithmetic 1

We consider the arithmetic of polynomials of degree less than d; = p!.
Let a(x) = Z?lal a;x' and t(x) = X1 10 with 59,51 € Z. Multiplication gives a(x)7(x) = Z?:‘al ain;"lx"""l which in

general is a rational function or a polynomial of degree greater than d; — 1.
As v((pld1 (6)/71:";'1 —7) = 0 we have the relation

d h
@' (0) ~ nim .
So by repeatedly substituting (pij' by 1 77:&]] we obtain a polynomial b(x) € K[x] with degh < d; such that b(0) ~

a(8)y(8).

6 The u-th Iteration

We describe a general iteration of the algorithm. Let t = (¢, Ai, Wi,y — %) 1<i<u—1 be a wild extended type of & over
K,_1 that is not complete. We write A; = h;/p* with gcd(hy, e;p) = ged(e;, p) = 1 and set M, = max{u}|1 <i <



u—1} and y,—1 = M, —M,_». Assume that we have found the next approximation ¢, € Ok, , [x] to a generator of
a wildly ramified extension with deg @, = p™«-1 and vk, (¢.(0)) > vk, (@u—1(0)) forall 6 € ©,_;.

We assume that we have the following methods, which rely on the data computed in the previous steps. For each
method the base case is described in section [5]and the general case in this section. Because of the recursive nature of
the algorithm we use forward references in our representation.

valuation givena(x) € K,[x] with dega < deg ¢, = pM«1 finds vk, (a(0)) for 6 € @, (see sectionsand
Algorithm ).

PolynomialWithValuation givenc € Zandd € N withd | pM« finds y(x) € K, [x] with deg w < deg @, = pMu—1
such that vk, (y(0)) = & forall 6 € ©,_; (see sectionsand Algorithm .

Furthermore we assume that we have methods for arithmetic and reduction of polynomials of degree less than p¥« in
their representations as sums of power products (see sections and Algorithm ] reduce).

In the u-th iteration of the algorithm we investigate the properties of ¢, and construct the next approximation
Qu+1 € Ok, [x] to a polynomial defining a wildly ramified subfield of the splitting field.

6.1 Newton Polygon 11

We use the @,-expansion of @ to find the valuations vk, ,(¢,(6)) for 6 € ©,_;. Let [, = [N/deg@,] and ® =
Zf“: 0 ai(pft be the ¢,-expansion of ®. For each root 8 € ©,_; we have

lu _
(0) = ;)af(O)%(@) =0.

Hence

has the zeros ¢,(0) for 6 € ©,_;.

The method Valuation returns the valuations of the coefficients a;(0) of x, and with these the Newton polygon
of x, yields the valuations of ¢, (6) for 6 € ©,_;. We obtain a partition of @,_; into the subsets {0 € O, | v(¢(0)) =
A} where A is the negative of the slope of a segment of the Newton polygon of J,. By Corollary [1| each segment of
the Newton polygon of y,,, and thus each set in the partition, corresponds to a factor of ®(x).

Definition 7. The Newton polygon of y,, is called the Newton polygon of @ with respect to ¢,. It is also called a
Newton polygon of higher order [14,8]].

6.2 Residual Polynomial 11

Let S be a segment of the Newton Polygon of x,, of length m, with endpoints (k,vk, , (ax(0))) and (k+m,vk, | (axim,(0)))
for6 € ®,_;. Let
2= e (@(0)) — vk, (@ (8))
u mu du )
where ged(hy,dy) =1 andlet O = {6 € O, | vk, ,(9.(0)) = A,}. We have |O; | = m, deg ¢,.
Let ¢, and p* such that d,, = e, p*« with ged(e,, p) = 1 and M = Y y; = max{p; | pi}, v = min{p*, M}, and
W, = max{y, —M,0}. The method PolynomialWithValuation gives ¥, € K,_;[x] with

VK1 (Wu(e)) = VK, ((Psupuu> = eupu‘%u = hu/pv

10



for 6 € ©;. We have

k+m ) ) m/(eupt) . . . y
2(0u(0) ~ Y. ai(0)pL(0)x ~ Y aje,puuri(8) @i (G xIw T
i=k J=0

The last equivalence holds, because the x-coordinates of the points on the segment of the Newton polygon are of the
form k + je,pH« (0 < j < m/(e,p**)). Division by @fy* yields

m/ (e, p*tt)
Xu(9u(6)) " eups |y jeupt
~ Ao, piu+k(0) QP (8)y P
@ (0)y* ,;0 sl

For y = (pueeup#u/%(e) we have vk, | (7) = vk, , ((pf“p”u (0)/w,(0)) = 0. By substituting Yy, (6) for (p,i“puu (0) we
get
m/(eyptt)

X0 | -
giopr = X @0V

The method PolynomialWithValuation gives a polynomial 7 € K, [x] with vk, ,(7(0)) = vk, , (ax(0)) for
6 € O, 1. Replacing yy*” by y and division by 7(8) yields

m/(eupht) oo (9)1[/"(6) .
Aly) = Jeupt O PR i,
X «(0)
. J m/(euptt)
By construction vk, (a""”pw;fé?)%<e> >0, in particular vy, (7@(222’3’(9)) =0and vk, , (ak+77z<e)u;u(9) I (6)> =

0. So the polynomial A(z) € K,,_;[z] has degree m,, / (e, p*). It is called the residual polynomial of S.

6.3 Unramified Extension I1

Let f, be the least common multiple of the degrees of the irreducible factors of A and let K} be the unramified extension
of K, of degree f,. Over K, the residual polynomial A splits into linear factors. We denote by I, the set of lifts of
zeros of A to K, and partition @, into the sets of the form

ey pP-u

Ou
0) = . 4
l,,(>n} “)

u

@M:{ee@;

where 7y, € I,. We have |®,| = gdeg ¢, where g is the multiplicity of 7Y, as a zero of A.

6.4 Tamely Ramified Extension Il

" u ey - " .
For 6 € ©,, we have (go;”p” /1//,,) (6) = Yu and therefore ((pf,’# (6)) ~ % W.(0). For ¢ = """ we have ¢®(6) ~
%W(0). As in section[6.2|let v = min{u}, M, 1} = p; — . Since

u

eupl»l; o

hu,

v .
VK1 (lllzf (9)) = pV (eup““Au) = puu Ilueupuu

11



there is 6 € Oy such that ot (6) ~ 67:{?;4 . With ¢ = ¢”" we get

§°(0) = @7 ~ ¥ W (0) ~ o S

Thus the roots of T*(x) = x — ) "Snh are in the splitting field L. Since the Newton polygon of 7* is a line of
slope —hy, /e, where ged(hy,e,) = 1, the polynomial 7% defines a tamely ramified extension of K} of degree e,. By
Proposition 2]t is generated by the Eisenstein polynomial

T(x) — xCu + (—l)b( 5V67thu)b7reua — xou + (_l)b%l:pv 5b”bhu+aeu — xo + (_ 5\,5)[9”

where a and b are integers such that ae, + bh, = 1.

6.5 Wildly Ramified Extension

Now either d,, was a power of p already or, after extending K the slope of the segment of the Newton polygon of y,
corresponding to S now is —h,,/ p“; over K. If K, is a tamely ramified extension of K} we would need to recompute the
associated polynomial A and to obtain a residual polynomial of higher degree. Hence we assume A, =k, /d, = hy,/ pHac

If |®,| = deg ¢, = 1 we have reached a leaf of the tree of partitions.

If |®,| > deg @, we continue with constructing a next approximation to a polynomial that generates the wildly
ramified part of K, (0) for 6 € ©,.

If |©,| = deg @, = pM«1 # 1 then @, is an approximation to a unique irreducible factor @ of degree pM«—1 of @
over K,,. We obtain ¢ using single factor lifting [10], which generates a totally and wildly ramified extension M of K,
over which @ has at least one linear factor. Now for 1 <i <u—1 with y; > 0 the data in t = (@;, Ai, Wi,y — %) 1<i<u—1
and the slopes —A;, and thus y; and A; are not correct over M. Thus we continue our computations with the type
t = (@i, Ai, Wi,y — ¥i)1<i<j over M, where 1 < j <u—1issuchthat u; =0for 1 <i< j.

6.6 The Next Approximation I1

As above in section we assume that A, = h, /d, = h,/p" and as in sectionlet W, € Ky—1[x] with v(y,(0)) =

hy/ pha for 6 € O, C O,_. If I, denotes the set of zeros of the residual polynomial and 7, € I,,, then ¢ . (8) ~ vy,

for all 8 € ©,. The polynomial
pHil

Our1 =0,  —YuWu

is an approximation to a polynomial that generates the wildly ramified subextension of K, (0) with

VKu(‘Pu(e)) = VKu( 5“; (0) = YuWu) = VKM(WM) = hu/Pv > hy/dy = VKu((pu(G))

forall 6 € ©,.

6.7 Valuations 11

For b(x) € K,—1[x] with degh < pM«-1 the method Valuation yields vk, ,(a(0)) for 6 € ©, C ©,_. Leta € K,[x]
with dega < pM and m = [dega/deg @, ]. Leta = Y7y a;¢i with dega; < deg ¢, = pM«-! be the @,-expansion of a.
As the valuations

12



h o
Vi (Pu(8)) = v, (91 (8)) = S

are distinct (and not in pML%Z) we have

— 1 . J — 1 . 7 Hu
v, (a(8)) = min vi, (a;(0)](6)) = min v, (a;(8) + (hu/p™)).
Furthermore, if we only consider the terms with valuation vk, (a(6)) we obtain a polynomial that at 6 is equivalent
to a(x). That is, for J = {j | vk, (a;) + jhu/dy = vk,(a(0))} and b(x) = ¥ ;c;a;(x) @i (x) we have a(8) ~ b(6) for
00,

6.8 Polynomials with given Valuations I1

Let c € Z and d € N with d < M,,. We describe how y(x) € K, [x] with v, (y(0)) = ﬁ and deg v < deg @, = pMu-1
can be constructed. Assume that for ¢’ € Z and d’ € N with d’ < M, we can find y’(x) € K[x] with vk, (y/(0)) = pCT;’
for6 €0, C 06, ;.

If d < M, then we can find y(x) by our assumption. Otherwise we have M,_; < d < M,, and we find s, € Z,
0 <s, < pM such that

M, —d mod pﬂu

Suhy =cp
and set ch;, = p% —suvK, (@u) in lowest terms. As d’ < M,_; the assumption yields y'(x) € K, [x] with vk, (y¥'(0)) = 5.

Thus we get y(x) = @3 (x)y'(x) with vk, (¥(0)) = -7 and degyr < pMu,

6.9 Arithmetic 11

We consider the arithmetic of polynomials of degree less than pM«. Clearly addition and subtraction of two such
polynomials again yield polynomials of degree less than p«. We assume that methods for handling polynomials of
degree less than p«1 are available. That is, given a(x) € K, and b(x) € K,_1 we can find a polynomial ¢ € K,,_1[x]
with degc < pMe-1 such that ¢(8) ~ a(6)b(0) for 6 € ©, C O,_;.

Let a(x) = ):frgfl a;i(x)@} and b = @b’ with s € Z, b’ € K,[x] of degree less than pM«-1. Multiplication gives
a(x)b(x) = Zf’fg ab @i+ which in general is a rational function or a polynomial of degree greater than p™« — 1. We
have ¢;(0)/y.(6) = v, thus

@' (8) ~ Yy ()

for any y € K, with y = 7, Repeated substitution of @} o by yw, reduces the exponents of @, to s’ with 0 <" < pH.

The coefficient of (p,‘j/ now is the product of polynomials of degree less than p™«, which can be reduced to a polynomial
of degree less than pM« by our assumption. Thus we obtain a polynomial b(x) € K[x] with degh < pM« such that
b(0) ~a(0)y,(0).If vk, (a(6)) = 0 recursive application of these reductions yield 8 € K, with a(6) ~ B.

7 Algorithms

In our formulation of the algorithm we add a fifth component to the extended types from Definition 4] making all
the information from previous iterations of the algorithm needed in later iterations readily available. We denote the
subfield of the splitting field of & over which we are working at all times by L. So in this section types are of the form

13



t = (@i, i, Wi, i, i) 1<i<u (5)

with @; € O [x], A; = e,-;l“i* € Q with ged(h, e;p) = ged(e;, p) =1, % € L, u; € N such that p; = max{u; —M;,0} where
Mi=max{u; [1<j<i-1}= ):3.;11 u;. By ® = 0, we denote the set of zeros that corresponds to ¢ as in (4).

In an implementation of the algorithm, the methods described below operate on representations of polynomials as
nested @;-expansions (1 < i < u). To avoid having to write down these somewhat involved data structures, we use

polynomials to formulate the input and the output of the methods. Sections [5.8and[6.9] yield these methods:

div(t,a,b) Given a € K[x] of degree less than pM« and b(x) = @*... @' w7 where s; < ¢; we find ¢ € K[x] with
degc < deg @, such that a(0)/b(6) ~ ¢(0) forall 6 € O,

mult(t,a,b) Givena,b € K[x] of degree less than pM« we find ¢ € K[x] with degc < deg @, such that a(0)b(0) ~ c(0)
forall 6 € ©,.

pow(t,a,n) Given a € Kx] of degree less than pM« we find c(x) € K[x] with degc < deg ¢, such that a"(0) ~ ¢(8)
forall 6 € O,.

Furthermore we write divmod for the function that for a,b € Z returns the quotient and remainder of the division of
a by b.

We first give auxiliary algorithms for the computation of v;(a) = v(a(6)) for 6 € ©,, the Newton polygon of &
with respect to @, polynomials with given valuations, the reduction of elements represented as power products of
polynomials, and the computation of residues and residual polynomials. This is followed by the algorithm for the
splitting field.

We use Algorithm|[I]valuation to compute v (a(6)) for 6 € ©,. It follows from the discussions in sections
and[6.7] that to find v (a(6)) for 6 € ©, we only need the type ¢ = (¢, A;, pi)1<i<x and not 6. We thus obtain one of
the valuations of polynomial rings as classified by MacLane in [11]. We write v, (a) for the valuation computed by the
algorithm and have v, (a) = vk, (a(0))

Algorithm 1 valuation

Input: A local field L, type (@i, A, Wi, %, li) 1<i<u OVer L, and a(x) € L[x].
Output: Valuation v;(a).

e Ifa € L: Return v (a).
e Find the @,_j-expansion of a(x) = Z;:eg“/ degoul () @i (x).

e Return min{Valuation (L7 (07,45, W, 7, j) 1< j<u—1 ,aj) + jAu—1 | 1<i< [deiegil -‘}

Algorithm P|Newt onPolygonSegments returns the set of segments of the Newton polygon of @ with respect

to ¢ as described in section[5.1]and [6.1]

Algorithm 2 NewtonPolygonSegments

Input: A local field L, @ € L[x], a type r = (@;, Ai, Wi, ¥, li ) 1<i<u OVer L, and
(0RS ﬁL [x]
Output: Set of Segments S of the Newton polygon of & with respect to ¢.

Find the @-expansion @ = Y a;¢' where m = [deg @/ deg ¢].

Find v; = Valuation(L,?,q;) for 0 <i<m.

Construct the lower convex hull of the set of points {(i,v;) | 1 <i <m}.
Return the set S of segments of this broken line.

14



Given a type ¢ as in and w € p,bu Z, Algorithm [3| PolynomialWithValuation returns a polynomial y
J

such that v, () = w as described in sections and See [19], [18} Algorithm 14] or [10} Section 4] for a general
version of this algorithm.

Algorithm 3 PolynomialWithValuation

Input: A type (91,2, Y1, ¥ )1 <icu and 5 € Q with d < T .

Output: y(x) € K[x] with deg y < deg ¢, and v (y(0)) = p%.

If d = 0: Return 7°.

MY ;.

If d < M: Return PolynomialWithValuation <((p,~,),,-, Vi, Yo Mi)1<i<u—1, 1;7>

e Find 0 < s < p*«-1 such that sh,_; = cpMtHu-1=9 mod ptu-1,

Return @;(x) - PolynomialWithValuation <((pi,),i, Vi, Yio i) 1<i<u—15 p% — slu,l)

In sectionsandwe have described how a product [T, (pfi (x) can be reduced such that s; < p*i for 1 <i<u.
Algorithm@ reduce conducts this reduction recursively. Because, for 1 < i < u the valuations of (pis " with s; < pHi
are linearly independent, there is only one reduced representation of each class of some a € L[x] with respect to the
equivalence relation from Definition |1} Thus if v;(a) = 0 then reduce(a) € L.

Algorithm 4 reduce

Input: A type (@1, A, Vi, ¥ )1 i< and a(x) = @l [ ¢f' -8 € L] with
deK.

Output: b(x) = @ic(x) € L[x] with degc < deg ¢, 0 <, < p*«, and a(8) ~ b(0)
for 6 € ©,.

e IfacL:Returna.

o s,d < divmod(r,, pH)

e Return @ - ¥/ -y -reduce (@1, Ai, Wi, ¥ i) 1<i<u—1, 1142, @77+ 8) .

The residual polynomial of a segment of a Newton polygon of higher order is computed in Algorithm[5|ResidualPolynomial.

Algorithm 5 ResidualPolynomial

Input: A type (@i, Ai, Wi, ¥, i) 1<i<u> @ segment S of the Newton polygon of &
with respect to @, and W with v, (y) = 4, = ep™™#-Mu} where —h/(epH)
is the slope of S.

Output: The residual polynomial A of S.

[N/degou]
o Letd= Z a; @' be the @-expansion of P (x).
i=0
e Let m be the length of S.

e 7 < PolynomialWithValuation(t,Vv) where v is the y-coordinate of the first point of S.
mjey

o A(z) + Y reduce(t,mult(r,aprc.i(x),div(t, pow(r, y(x), /), T(x))))y .
ar
. returnA.]

Algorithm [ SplittingField computes the splitting field of a polynomial. If i1, = 0 and deg¢ = 1 and the
multiplicity of the zero ¥ of A is one, then ¢ is an approximation to a linear factor and therefore discarded. In a type
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we denote non-assigned components by -. In each iteration we of the algorithm we start with a type whose last member
has only the first component set and then fill in the other components. At the end of each iteration the last member of
all types again only have the first component assigned. We start with ¢ = (x,-,-,-,-). The types in the algorithm are at
all times optimal. In step 4i. when the current iteration only yields a ¢ with a higher valuation at 6 € ® we replace
the last component of the type ¢ by the current (¢,,-,-,-); this is called an improvement step. If the degree of ¢ in
increases we append (¢, -, -,-, ) to ¢; this is called a Montes step.

Algorithm 6 SplittingField

Input: @ € Ok[x] monic and square-free
Output: Splitting field of ¢

e Initialize L +— Kand T+ {(x,-,-,~,-)}
e While 7 is non-empty:
1. Choose a type t = (@;, Ai, Wi, ¥i, li) 1<i<u from T.
2. Removet from 7.
3 MY W
4. For S € NewtonPolygonSegments (P(x),7, @, (x)):
a. Letd, = # with ged(h, pe) = ged(e, p) = 1 be the negative of the slope of S.
. My — max{u*—M,0} and v < min{u*,M}
. Y, < PolynomialWithValuation(z,h/p")
. A< ResidualPolynomial (¢,S, V)
. Find fy minimal with e | (L] —1).
. If f =lem{fy,degp | p irreducible factor of A} > 1:
continue over unramified extension
e Replace L by the unramified extension of L of degree f.
g. If the length of S is one and deg @, > 1:
continue over wildly ramified extension
Let @ be a lift of @, to a factor of ®.
Replace L by L[x]/().
Insert ¢ into 7.
Replace each (95, 4;, ¥j, 7, 17); € T by (@1,7,-,+,)
o Exit for loop.
h. Ife>1:
continue over tamely ramified extension
Find § € O such that y?" = §r".
Find a,b € Z be such that ae +bh = 1.
Replace L by the composite of L[x]/(x¢ 4+ (—y?" 8)?m; ) where the y are lifts of the roots of A in L.
Insert ¢ into 7.
Exit for loop.
i. For all roots yof A in L:
e Let ybealiftof yto 0.
o If u, >0: -
more wild ramification found, a Montes step
e Insert  with (@i — yy,,-,-,-,-) appended into 7.
e Else if deg ¢ > 1 or the multiplicity of y is greater than 1:
valuation of ¢ increases, but not its degree, an improvement step
e Insert ¢ with its last member replaced by (@, — Yy, -,,-,-) into T

-0 e T
e o o o

e Return L.

Remark 1. For better readability of the algorithm we have excluded some obvious improvements. When we continue
over a tamely ramified extension in Sh., instead of exiting the for loop and recomputing the Newton polygon in 4.
we can adjust the slopes of the segments of the Newton polygon, which over the tamely ramified extension of degree
e do not have e in the denominator anymore and continue in 4c. When choosing ¢ from 7 in 1. a speedup may be
achieved by first processing the longest type as this avoids discarding information about wildly ramified extensions in
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4h. If @ € Ok[x] is Eisenstein the maximal tamely ramified subfield of the splitting field of ¢ can be obtained from (7}
Theorem 9.1].

7.1 Termination

The termination of the algorithm is assured by the following theorem.

Theorem 2 ([17, Proposition 4.1]). Let ®(x) € Ok|x] be square-free and let ® be the set of zeros of ®(x) in K.
Let @(x) € K[x] such that the degree of any irreducible factor of ®(x) is greater than or equal to deg @. If (deg @) -
v(@(8;)) > 2v(disc ®) for all 6 € Oy then deg ¢ = deg P and P(x) is irreducible over K.

By Theorem 2| the polynomial @ (x) is irreducible if we find a monic @(x) € Ok [x] such that Nv(¢,(6)) > 2v(disc @)
for some u € N. In every iteration of the algorithm the increase from v(¢,) to v(@,41) is at least 1/N. Thus the
algorithm terminates after at most v(disc @) iterations.

7.2 Representation of Extensions

Extensions of local fields are often represented as a tower of an totally ramified extension over an unramified extension.
Although some computer algebra systems (for example Magma [3]]) allow the construction of arbitrary towers of
extensions, in practice it is more efficient to work over smaller towers. We represent our extensions as a totally and
wildly ramified extension over a totally and tamely ramified extension over an unramified extension and insert new
extensions into the corresponding subfield in the tower.

Ramified extensions are usually given by Eisenstein polynomials, and indeed for the tamely ramified extensions in
our algorithm we explicitly give these. For the wildly ramified extensions, lifting the approximation to an irreducible
factor ¢ by single factor lifting yields a generating polynomial ¢ that is not Eisenstein in general. Algorithmcan be
used to compute IT € L[x] with v,(IT) = 1/p™ where p¥ = deg ¢. The characteristic polynomial (see Deﬁnition of
IT € L[x]/(@) is the desired Eisenstein polynomial. It can be computed either using linear algebra methods as in [6]
or, in the p-adic case, using Newton relations.

References

1. C. Awtrey, N. Miles, J. Milstead, C. Shill, and E. Strosnider, Galois groups of degree 14 2-adic fields, Involve, to appear.
. J. Bauch, E. Nart, and D. Stainsby, Complexity of OM Factorizations, LMS Journal of Computation and Mathematics 16, 139-171.
. J. J. Cannon et al., The computer algebra system Magma, University of Sydney (2014) http://magma.maths.usyd.edu.
au/magma/.
4. D. G. Cantor and D. M. Gordon, Factoring polynomials over p-adic fields, In Proc. ANTS IV, Lecture Notes in Comput. Sci. 1838,
Springer Verlag, 2000, 185-208.
D. Ford, On the Computation of the maximal order in a Dedekind domain, PhD Dissertation, Ohio State University, 1978.
6. D.Ford, S. Pauli, and X.-F. Roblot, A Fast Algorithm for Polynomial Factorization over Q, J. Théor. Nombres Bordeaux 14 (2002),
no. 1, 151-169.
7. C. Greve and S. Pauli Galois Groups of Eisenstein Polynomials whose Ramification Polygon has one Side, Int. J. Number Theory 8
(2012), no. 6, 1401-1424.
8. J. Guardia, J. Montes, and E. Nart, Newton polygons of higher order in algebraic number theory, Trans. Amer. Math. Soc. 354
(2012), no. 1, 361-416.
9. J. Guardia, J. Montes, E. Nart, Okutsu Invariants and Newton Polygons, Acta Arithmetica 145 (2010), 83-108.
10. J. Guardia, E. Nart, and S.Pauli, Single-Factor Lifting and Factorization of Polynomials over Local Fields, J. Symbolic Comput. 47
(2012), no. 11, 1318-1346.
11. S. MacLane, A Construction for absolute values in polynomial rings, Trans. Amer. Math. Soc. 40 (1936), 363-395.
12. S. MacLane, A Construction for prime ideals as absolute values of an algebraic field, Duke Mathematical Journal 2 (1936), 493—
510.

[SSIS)

e

17


http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/

13.
14.
15.
16.
17.
18.

19.
20.

J. Montes and E. Nart, On a Theorem of Ore, Journal of Algebra 146 (1992), 318-334.

J. Montes, Poligonos de Newton de orden superior y aplicaciones aritméticas, PhD Thesis, Universitat de Barcelona, 1999.

K. Okutsu, Construction of integral basis, I, 11, 111, and IV, Proc. Jpn. Acad. Ser. A 58 (1982), 47-49, 87-89, 117-119, and 167-169.
0. Ore, Newtonsche Polygone in der Theorie der algebraischen Korper, Math. Ann 99 (1928), 84—117.

S. Pauli, Factoring polynomials over local fields, J. Symb. Comp. 32 (2001), 533-547.

S. Pauli, Factoring polynomials over local fields II, in G. Hanrot and F. Morain and E. Thomé, Algorithmic Number Theory, 9th
International Symposium, ANTS-IX, Nancy, France, July 19-23, 2010, Lecture Notes in Comput. Sci. 6197, Springer Verlag, 2010,
301-315.

S. Pauli and B. Sinclair, A guide to OM algorithms, in preparation, 2014.

H. Zassenhaus, On Hensel factorization 1, J. Number Theory, 1 (1969), 291-311.

18



	Constructing Splitting Fields of Polynomials over Local Fields
	Jonathan Milstead, Sebastian Pauli, and Brian Sinclair
	Introduction
	Overview
	Notation

	Hensel Lifting and Newton Polygons
	Tamely Ramified Extensions
	Partitions of Zeros and Types
	The First Iteration
	Newton Polygons I
	Residual Polynomial I
	Unramified Extension I
	Tamely Ramified Extension I
	Next Approximation I
	Valuations I
	Polynomials with given Valuations I
	Arithmetic I

	The u-th Iteration
	Newton Polygon II
	Residual Polynomial II
	Unramified Extension II
	Tamely Ramified Extension II
	Wildly Ramified Extension
	The Next Approximation II
	Valuations II
	Polynomials with given Valuations II
	Arithmetic II

	Algorithms
	Termination
	Representation of Extensions

	References



