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Abstract

Let I"\ D be an arithmetic quotient of a symmetric space of non-compact type. A spine Dy is a I -equi-
variant deformation retraction of D with dimension equal to the virtual cohomological dimension of I".
We explicitly construct a spine for the case of I" = SU(2, 1; Z[i]). The spine is then used to compute the
cohomology of I"\ D with various local coefficients.
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1. Introduction

Let G be the real points of the Q-rank 1 linear algebraic group SU(2, 1), and let D be
the associated non-compact symmetric space. Let I" be an arithmetic subgroup of the rational
points G(Q). Let (E, p) be a I'-module over R. If I is torsion-free, the locally symmetric space
I'\Disa K(I', 1) since D is contractible, and the group cohomology of I" is isomorphic to the
cohomology of the locally symmetric space, i.e., H*(I", E) = H*(I"\D; E), where [E denotes
the local system defined by (E, p) on I"\D. When I" has torsion, the correct treatment involves
the language of orbifolds, but the isomorphism of cohomology is still valid by using a suitable
sheaf E as long as the orders of the torsion elements of I" are invertible in R.
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The virtual cohomological dimension (ved) of G is the smallest integer p such that coho-
mology of "\ D vanishes in degrees above p, where I C G(Q) is any torsion-free arithmetic
subgroup. Borel and Serre [9] show that the discrepancy between the dimension of D and the
ved(G) is given by the Q-rank of G, the dimension of a maximal Q-split torus in G. Thus in our
case, D is 4-dimensional, and the virtual cohomological dimension of I" is 3. There is in fact
a 3-dimensional deformation retract Do C D that is invariant under the action of I" and compact
modulo subgroups of I" [21]. Such spaces are known as spines.

Spines have been constructed for many groups [1,8,11,13-15,18,20]. In [3], Ash describes
the well-rounded retract, a method for constructing a spine for all linear symmetric spaces. Ash
and McConnell [7] extend [3] to the Borel-Serre compactification and relate the retraction to
a combination of geodesic actions. The well-rounded retract has been used in the computation of
cohomology [2,4-6,13,15,17-20].

The well-rounded retract proves the existence and gives a method of explicitly defining spines
in linear symmetric spaces. There were no non-linear examples until MacPherson and Mc-
Connell [14] constructed a spine in the Siegel upper half-space for the group Sp,(Z).

In this paper, we provide another non-linear example by using the method of [21] to compute
a spine for SU(2, 1; Z[i]). Sections 2 and 3 set notation and define the exhaustion functions that
are used to describe the pieces of the spine. In Section 4, we classify certain of configurations
of isotropic line in C3. We show the spine has the structure of a cell complex with cells related
to these configurations in Section 6. Explicit I"-representatives of cells are fixed, and their stabi-
lizers are computed in Section 8. After subdivision, we obtain a regular cell complex for Dy on
which I" acts cellularly. In Section 10, we recall some facts about orbifolds and develop machin-
ery to investigate the cohomology of I". The results of Section 10 hold in more generality, and
may be of independent interest. We apply these methods in Section 11 to I" = SU(2, 1; Z[i]) to
compute the cohomology of I" with coefficients in various I"-modules.

2. Preliminaries

Let G be the identity component of the real points of the algebraic group G = SU(2, 1),

realized explicitly as
0 0 i 0 0 i
g*(O -1 O)gz(O -1 0)}
- 0 0 - 0 0

Alternatively, let Q be the (2, 1)-quadratic form on C? defined by

0 0 i
Q(u,v):u*( 0 -1 O) v.
- 0 0

SU@2, 1) = {g €SL(3,0)

Then G is the group of determinant 1 complex linear transformations of C> that preserve Q. Let
I" be the arithmetic subgroup I" = SU(2, 1) N SL3(Z[i]).

Let 6 denote the Cartan involution given by inverse conjugate transpose and let K be the fixed
points under 6. Let D = G/K be the associated Riemannian symmetric space of non-compact
type. Let P denote the set of (proper) rational parabolic subgroups of G.
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Let Py C G be the rational parabolic subgroup of upper triangular matrices,

0 ¢? ic/y
0 0 ¢/y

and fix subgroups Ny, Ag, and My:

1 B r+ilpP/2
N0:{<O 1 iB )‘ﬂe@,reR},
0 0 1

0 0

1 o>

0 1/y

¢ 0 0
M():{(O 2 0)‘{6@, |§|=1}.
0 0 ¢

Py acts transitively on D, and every point z € D can be written as p - xo for some p € Py. Using
Langlands decomposition, there exists u € Ny, a € Ay, and m € My such that p = uam. Since
My C K, z can be written as ua - xo. Denote such a point z = (y, 8, r).

Zink showed that I" has class number 1 [22]. Thus I"\G(Q)/ Po(Q) consists of a single point,
and all the parabolic subgroups of G are I"-conjugate. The rational parabolic subgroups of G
are parametrized by the maximal isotropic subspaces of C> which they stabilize. These are
1-dimensional, and so to each P € P, there is an associated reduced, isotropic vector vp € Z[i ]3.
(A vector (n, p,q)' € Z[i 13 is reduced if (n, p, q) generate Z[i] as an ideal.) Similarly, given a
reduced, isotropic vector v in Z[i]?, there is an associated rational parabolic subgroup P,. Notice,
however, that vp is only well-defined up to scaling by Z[i]* = {£1, =i}. Thus, the vectors v and
ev will be treated interchangeably for ¢ € Z[i]*. If P =7 Q for some y € I', then vp = yvg.

Unless explicitly mentioned otherwise, the vector vp will be written as vp = (1, p, q)'. The
isotropic condition Q(vp, vp) =0 implies that

{ (yg“ BL 2 Cr+ i_lﬂI2/2)/y>
Py =

., BeC, |g|=1, reR, yeR>o},

)’GR>O},

|pI? =2Im(ng). (1)
In particular, ¢ # 0 for P # Py. Furthermore, since there are no isotropic 2-planes in C3,
Qup,vo) #0 for P # Q. 2

Because these elements of I" will be used frequently, set once and for all

0 -1 I 1+ i 1 i(1419) i
w:<0 0),0:(0 1 1+i>,&:<0 1 —i(l—l—i)),
1 0 0 0 1 0 0 1

0
1
0
1 0 1 i 0 0
r:(O 1 O),e:(O -1 0),and§=rwrowe3.
0 0 1 0 0 i

Note that & is contained in the group generated by {¢, w, o'}. In particular, & = woewo ~'w.
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3. Construction of the spine

In this section we briefly describe the construction of a I'-invariant, 3-dimensional cell com-
plex which is a deformation retract of D. This construction is described for the general Q-rank 1
case in [21].

We first define an exhaustion function fp for every rational parabolic subgroup P € G. These
exhaustion functions are then used to define a decomposition of D into sets D(Z) for Z C P.

3.1. Exhaustion functions

Let z=(y,B,r) € D and P a rational parabolic subgroup of G with associated isotropic
vector (n, p, q)'. Then the exhaustion function fp can be written as

fO(Z)EfP()(Z):y’ (3)

y
- _ . 4
fr@) (In—Bp + (B2 /2 —1r)q|? + y2|p — iBq|> + y*q|»)!/? @

The family of exhaustion functions defined above is I"-invariant in the sense that
frr@=fp(y~'-z) foryerl. (5)
3.2. Admissible sets

For a parabolic P, define D(P) C D to be the set of z € D such that fp(z) > fp(z) for every
Q € P\ {P}. More generally, for a subset Z C P,

EIZ)={zeD| fr(z) = fo(z) for every pair P, Q € T}, (6)
D)= () D(P), (7
pPel
D'(T)=D@)\ | J D(T). )
72T

It follows that D'(Z) C D(Z) C E(Z) and D(Z) = ]—[iDI D'(Z). Let fr denote the restriction
to E(Z) of fp for P €. B

Definition 3.1. Let Z C P, P € Z,and z € E(Z). Then z is called a first contact for T if f7(z) is
a global maximum of f7 on E(Z).

Definition 3.2. A subset Z C P is called admissible if D(Z) is non-empty and strongly admissi-
ble if D'(Z) is non-empty.

Let Dy C D denote the subset

Do = ]_[ D'(T). )

IZ|>1
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The deformation is defined separately on each D(P) for P € P. For z € D(P), we use the
(negative) gradient flow of fp to flow z to a point on Dy. This corresponds to using the geodesic
action [9] of Ap on z [21].

Let fp, denote the function on Dy given by

fpo(@) = fr(z) forze D). (10)
3.3. First contact points

Given the explicit description of the exhaustion functions in coordinates, one can readily
describe the set E({ Py, P}). Writing z = (y, B, r) and using (3),

(fo(Z)

2
fp(z)) =|n—Bp+(i1BP/2—r)q|* +*|p — iBq|’ + y*1qI’. (11)

Proposition 3.3. Let P be a rational parabolic subgroup of G with associated isotropic vector
(n, p,q)'. Every z = (y, B,r) € E({Py, P}) satisfies

)

Proof. Note that for z € E({ Py, P}), (%)2 = 1. Then the result follows from (11) using the

quadratic formula to solve for y2, and simplifying the result using the isotropic condition (1). 0

1\p _
2_____.
Y= 2‘4 P

Proposition 3.3 allows us to easily calculate the first contact point for {Py, P}. The
I'-invariance of the exhaustion functions allows us to translate this for general { P, Q}.

Proposition 3.4. Let 7 = {P, Q} C P. Let z be a first contact point for L. Then

1

V19wp, vo)l

In particular, the first contact for {Po, P} is z= (1//1q1,i(p/q),Re(n/q)).

fr(@) = fol2)=

4. Configurations of vectors
Definition 4.1. Let 7 be a subset of vectors in C3. Then 7 is said to be c-bounded if
|Q(u, v)|2 <c¢ foreveryu and vin J.

Set once and for all the following sets j]’ of isotropic vectors in C3.

G {6 ()
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1 i 141
aegoffo)] a=aol(im)] a=a()]
1 1 1
i -1
1 141
1+i
J=Jtu (1+i)},
1
1 0 —1 —1+i 141 I 2i i
#={o)-(0)- (o) (o ) () () (2) )
0 1 141 1 1 1+ 1 2

One easily checks that these sets are not I"-conjugate, and 78 is 4-bounded, while the other sets
are 2-bounded.

Proposition 4.2. A 2-bounded set of reduced, integral, isotropic vectors is I -conjugate to exactly

one of J2, I3, TP, T3 T3 T Ty or TP

Proof. Let 7 denote such a subset of order 2. Since G has class number 1, we can assume that
one of the vectors of 7 is (1,0,0)". Let v = (n, p, g)" be the other vector of J. Let o, &, T,
and € be defined as in Section 2. These elements preserve (1,0, 0)" (up to scaling by Z[i]*).
By applying powers of o and & to v, we can add any Z-linear combination of (1 + i)g and
(1+1i)iq to p to force it into the square in the complex plane with vertices ¢, iq, —¢q, and —iq.
By applying powers of —i€ to v, one can force p to lie in the triangle with ¢, ig, and 0 as vertices
while leaving g fixed. Then by applying powers of t to v, one can add a Z-scalar multiple of
g to n so that n now has the form dg + cig, where —% <d < % for some ¢ € R. Since v is
isotropic, |p|? = 2Im(ng) = 2c|q|?. Since 7 is 2-bounded, |¢|* < 2, so that in particular, J is
I'-equivalent to jf or ‘722.

For |J| > 2, we can arrange that J D j12 or J D j22. The 2-bounded condition in each of
these two cases has only finitely many solutions. The proposition then follows from listing the
solutions and identifying I"-conjugate sets. O

5. Reduction theory

Proposition 5.1. Every point z € D is conjugate under I'p, to a point (y, B,r), where —% <

r< % and B lies in the square in the complex plane with vertices 0, %, i, and #

Proof. Consider the elements {o, &, ©, €} C I p, defined in Section 2. The action of
{o, 7, t, €} leaves D(Py) N Dy stable, and is given explicitly by

o-(y,B.r)=(y, B+ (1+i),r —Re(B) +Im(B)),

&-(y.B.r)=(y,B+i(1+i),r —Re(B) —Im(B)),
T-(y,B,r)=(y,B,r+1), and
e-(v,B,r)=(y,—ip,r). (12)



D. Yasaki / Journal of Number Theory 128 (2008) 207-234 213

Thus, by applying powers of o and &, 8 can be put in the square in the complex plane with
vertices 1,7, —1, and —l By applying a power of €, 8 can be put in the square in the complex
plane with Vertlces 0, 2 , i, and H‘ . Then by applying powers of t, it can be arranged that

—% <r<i 5 without changing the value of . O

Proposition 5.2. For each z € Dy,
< JDy\Z) X
y—s ‘

Proof. Since fp,(z) = fp,(y - z) for z € Dy and y € I", and every point in Dy is I"-conjugate
to a point of D(Py), it suffices to determine the range of fp, on D(Pp) N Dy. In fact, it suffices to
determine the range on a subset F € D(Py) N Dy, provided the I"-translates of F cover D(Py) N
Dy. The action of {0, &, 7, €} leaves D(Pp) N Dy stable, so it suffices to determine the range on
F = D(Py) N Dy N T, where T is the strip in D defined in Proposition 5.1. By construction,
fpy(z) =maxpep{fp(z)} and Proposition 3.4 shows that fp,(z) < 1. Thus it suffices to show
that

, 1
rzrgg{fo(z)} > 7 (13)

Note that on F, fy(z) = fp(z) for all P € P. By Proposition 3.3, this is equivalent to the condi-

tion that
2 2
+/L2_(Re<"_ﬂp—r)> . (14)
g1 q

Consider the rational parabolic subgroups * Py, P, and Q corresponding to the vectors v,, =
0,0, )", vp = (i, 1+i,1+i) andvg = (-1, 14, 1 4+i)". Divide F into the following regions:

1
fO(Z)2=y2 = _E'P
q

9 3 1
Fp—{x—<yﬁr)eF\|ﬁ|> <r<—},

10° 10 2
Fo=lx=(,8 )eF’|ﬁ|>9 lerc 3
N 00 2571

=F\{F1 U F,}.

Since B is constrained to lie in the square indicated in Proposition 5.1, one may calculate that
on Fp and Fg

(10 — v/62) 10 — /62
5 <Re(®) < ———. (15)
o 81-10V62
1B —il <o (16)

Comparing fo to fp on Fp, foto fo on Fgp, and fj to fy on Fy, (14) gives the desired bound
on each piece. Since F = Fp U Fg U F, this proves the result. O
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6. Admissible sets

Since vp and vg are integral vectors, Q(vp, vg) € Z[i]. Propositions 3.4 and 5.2 imply the
following.

Proposition 6.1. Let 7 be an admissible set. Then
’Q(vp, vQ)}2 <4 forevery Pand Q inZT.
In particular, the set of vectors associated to an admissible set is 4-bounded.

Proposition 6.2. Let 7 = {P, Q} be an admissible subset of P. If |Q(vp, vQ)|2 4, then there
exists a strongly admissible set IcP of order 8 such that D(Z) = D(I) = {z}, where z is the
first contact for I. Let J be the set of isotropic vectors associated to I. Then J is 4-bounded
and is I -equivalent to [J3. A set of isotropic vectors that is not 2-bounded, but is associated to
a strongly admissible set, is I'-equivalent to [J®.

Proof. Suppose Z = {P, Q} is admissible and |Q(vp, vQ)|2 = 4. Since G has class number 1,
T is I'-conjugate to a set of the form { Py, P}. By I"-action, one only needs to consider the cases
when vp = (i,2,2) and vp = (1,0, 2)".

In the case that v = (1, 0, 2)" we claim that { Py, P,} is not admissible, and hence D({Py, P,})
is empty. To see this, it suffices to show that fo(x) > fo(x) on E({Py, P,}) for some Q. Propo-
sition 3.3 implies that E({ Py, P,}) is the set where

2
y2=—ﬂ+ r—r2.

> 7)

In particular, 0 < r < 1. Explicit computation with (3) and (17) shows that on E({Pp, Py}), for
Q="P. fo@) =2 > fo2).
Next, consider the case v = (i, 2, 2)'. Proposition 3.3 implies that E ({ Py, P,}) is the set where

2
Y= 'ﬁz” i \/1 4(Re(B) +r)*. (18)

Consider the rational parabolic subgroups P; and P, with associated isotropic vectors (i, 1 + i,
1+i)" and (—1, 1+, 1+i) respectively. Explicit computation with (3) and (18) shows that on
E({P07 Pl)})9

_ Jo(x) _ Jo(x)
I = TRep ™ Y T T Ry

Thus on D({ Py, Py}), where fp (z) < fo(z), we see that 2r = —Re(8), and so

D)= D({Po, Py, P1, P2}).

In particular, note that |8 —i|> < /1 —4r2 < 1.
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Consider the rational parabolic subgroups Q1, Q2, O3, and Q4 with associated isotropic
vectors (0,0, 1), (1+i,1—1i,1)", (2i,2,1), and (—1 +i, 1 +i, 1)’ respectively. Explicit com-
putation shows that on S,

_ f) 10
JoI = ga Je® = S

_ ) o)
Ja =g SN =T e

Since | —i|* <1 and fo,;(x) < fo(x) on D(Z), we see that B is forced to equal i. Thus

1
D(Z)=D({Po, Py, P1, P2, Q1. 02, 03, Q4}) = {<E i,0> }

One checks that 78 is not properly contained in any 4-bounded set to complete the proof. [
Corollary 6.3. The set of isotropic vectors associated to a strongly admissible set of order less
than eight is 2-bounded. Furthermore, there are no strongly admissible sets of order greater than

eight.

Proof. Propositions 6.1 and 6.2 imply the first statement. The second follows from explicit cal-
culation that shows there are no 4-bounded sets that properly contain 7. O

Proposition 6.4. Let T'. denote the set of rational parabolic subgroups associated ,,7; as defined
in Section 4. Then

Ti={r."R} L ={R. P},

I =1tu{™pR}, L=T;ju{™R}, L=T;u{""R),
=T ul""R), T =T3u{" R,

=T} u{™" P},

IS — {PO wPO wrawPO r_]awPO r&wPO rwrawPO 250w Po ew§4wPO}_
Using (3) and Propositions 3.4 and 6.4, one calculates the following first contact points z(Z).

Proposition 6.5. Let ¢ = # Then

(77) = 1,00, 2(Z3)

-(fi)_m-(F
-Vo+

I3=( RN 2, i(1—¢+9)), (1—¢+J$)),

Il
N
&=
[\)

N | —
N——

\S) |
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Z(Zf):(\/—3+«/§2+«/§+\/6’ 1+\/£3;—~/§(1+\/§i)’%>,

2(23) = (,/¢> —1, %(1 - fz),o>,

Z(IS)=( —1;—2\/§’1—2|-i’%>’ Z(IS)=<%,1',O>.

Theorem 6.6. Up fo I"-conjugacy, the strongly admissible sets are exactly

7,13, 1, I, T3, I}, T, T°, T%

Proof. Propositions 4.2 and 6.2 and Corollary 6.3 imply that every strongly admissible set must
be one of the ones listed. Thus, it suffices to show that for each set 7 listed, D’(Z) is non-empty.
In particular, it suffices to show that D’(Z) contains its first contact point. One uses (3) and
Proposition 6.5 to show that for P € P\Z, fp(z(Z)) < f7(z(Z)). For example, z(Ilz) =(1,0,0)
and

1
Vin?+1pl? +1q1?

The other cases follow similarly. O

fp(1,0,0) = <1 forall P e P\ ;.

7. Pieces of the spine

Theorem 7.1. Let (y, B, r) denote a point in D. Then

W) E@) =(>=—1 +VT-72),

(i) E@3) ={?=—41—ifP+ /4~ —Re(p) -2}

(iii) D(Ilz) c E(Ilz) ﬂ{% <y2<1, —% <r< % 1812 < _% +2),
(V) DI} S ETD)NO0<Re(B) +r < /3 + 1),

() DI})=DI@}N{r=3}
(vi) D(I3) =D@}H) N{y? =—311+i—if* + /1 - Re(B(1+1))+1)?},
(vii) D(Z3) =DEH N {y* =311 +i—if?+y/1— (1 —r—Re(B(+i))%),
ii) D@TH=D@HN{r="1 18- L0 +B)P=1),

(ix) D(ZH) =DIHN{r=0, |- F? =3,

() D(T%) = (=425 1 1),

(xi) D(Z*) ={(J5.1,0)}.

Proof. Proposition 3.3 implies (i) and (ii). Similarly, (v)—(xi) follow from computer calculations
and repeated uses of Proposition 3.3.

To show the bounds in (iii), let P = ¥ Py and consider the rational parabolic subgroups
QO="Pyand R = ! Py with associated isotropic vector vg = (1,0, 1)" and vg = (—1,0, 1)’
respectively. Then (3) implies that
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Y

TP = GBR 2 =P+ PR + 3D (19
B y

1@ = (TP =P 2B Ty 12 @0

fr(@) = 4 1)

(1= 1+ilBI2/2 = r2 + Y2 B> + yH1/2

For z € D(le), fP@) = fo(z) and fwp)(z) = fo(z) and hence (19), (20), and (21) imply that
—% <r< % Since fo(z) = y, Proposition 5.2 implies that % < y% < 1. It follows that |8]*> <

_2 2
7 +2on D).
To show (iv), note that y2 > % on D(IQZ) by Proposition 5.2, and hence

R \E !
e(B)+r< 10+2'

Let P =& Py and consider the rational parabolic subgroup Q associated to the isotropic vector
vo=(1,1+i1+ i).Forze D(Izz), fp(z) =y and fp(z) = fp(z) and hence (3) implies
that

i = BA+i)+ ((1BP/2—r) (1 +DP < |-1=BA+i)+ (1822 = r)A + D> (22)
Thus (22) and (3) imply 0 < Re(B) +r. O

From the explicit description of representatives of I"-conjugacy classes of admissible sets
given above and the exhaustion functions given in (3), one can calculate a strict lower bound

of fDo .

Proposition 7.2. For each z € Dy,

1
—= < <L

8. Stabilizers

Proposition 8.1. The stabilizer in I" of D/(Ilz) is {e, €, €2, &3 w, ew, 2w, e3w} and is isomor-
phic to 7./]A7 x 7./27 via the morphism which sends € to the generator of Z./47Z and ew to the
generator of 7.]27.

Proof. Note that Stabj (D’ (Ilz)) = Stab F(Ilz). One can calculate that w? € I'p, and hence w €
Stab (1'12) and acts non-trivially on the ordered pair (Py, ™ Pp). Thus, Stabp (Ilz) =LUL-w,
where y € L if and only if ¥ Py = Py and " Py = " Pp. Since a parabolic subgroup is its own
normalizer, one computes that

L= NPN"Py=]e e e,
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and hence,
Stabr(D/(Ilz)) = {e, €. €2, w, ew, 2w, eSw}.
It is easily checked that the map given in the proposition is an isomorphism. O

Proposition 8.2. The stabilizer in I" of D’ (122) is the cyclic group of order eight generated by &.

Proof. Note that Stab;-(D'(Z3)) = Stabr (Z3). Recall that Z3 = {Py, ¢ Py}. One can calculate
that 2 =eto ! € I'p, and hence & is in Stab p(Izz) and acts non-trivially on the ordered pair
(Po, ¢ Py). Thus, Stabj(Z3) = LU L - £, where y € L if and only if ¥ Py = Py and V5 Py = ¢ .
Since a parabolic subgroup is its own normalizer, one computes that

L=TnPynéPy={e, €%, &% %),
and hence Stabj (D’ (Izz)) is the cyclic group of order eight generated by £. O

Proposition 8.3. The stabilizer in I” of D’ (I13) is the cyclic group of order twelve generated by
Tew.

Proof. Note that Stab; (D’ (1'13)) = Stabp (113 ). One can easily check that
P, " Py} ={Po, " Py} and T {Py, " Py} ={" Py, "V Py).
Thus Stab(Z7) = I' U I U I, where

I ={y eStabp(Z7) | "™ Py =" Py},
P

y et Stabp(Z3) |V Py="Py}, and
1
{y e wr tw - Stabr(Ilz) } YT Py = Py}

I3
One calculates using Proposition 8.1 that

2

I {e,e,e ,63},

D={rw, rew, relw, re3w}, and

o
Il

—1 1 1.2 -1 3}.

{u)r ,WT €, WT €7,WT €

Explicit matrix multiplication shows that 11 U I> U I3 is the cyclic group of order twelve gener-
ated by rew. O

Proposition 8.4. The stabilizer in I" of D’ (Ig’ ) is
Stabp(D/(IS)) ={e, ew, ws w, w13, o w, 062}

and is isomorphic to G3.
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Proof. Note that Stab (D’ (Ig)) = Stabp (IS). Fix an ordering of Ig. Since a parabolic sub-
group is its own normalizer, the group which preserves the ordering is I" N Py N Py N ¥ Py.
The proof of Proposition 8.1 shows that I" N Py N " Py = (¢) and one can easily check that
() N Y Py = {e}. Thus Stabp(Ig’) is isomorphic to a subgroup of &3. One checks that

{e, ew, ws'w, ws e, 0w, oe?} is a set of six distinct elements in Stabp(IS). Thus this

set is exactly Stabp (I;’ ) and is isomorphic to G3. O
Proposition 8.5. The stabilizer in I" of D’ (Ig’ ) is trivial.

Proof. Since | Q(vo, v)I* = 1, |Q(0, vrow)I* = 1, and |Q(vw, vew)|* = 2, if y € Stabr (Z3),
then ¥I? =17 or VI? = { Py, *** Py}. Thus Stab(Z3) = I'y U I, where

I ={y eStabr(I7) | """ Py="""Py} and

I = {y €10 - Stabr(Ilz) | yTow py = wP()}.

One checks using Proposition 8.1 that '] ={e}and I, =0. O
Proposition 8.6. The stabilizer in I' of D'(I}) is trivial.

Proof. Note that Stab (D’ (If)) = Stabp (If). The set of isotropic vectors associated to 113 C Zf

span a two-dimensional subspace of C> while the isotropic vectors associated to any other order
three subset of If span all of C3. Thus if y € Stabp(If) then 7113 = 113 and YV Py =" Py
Therefore one calculates from Proposition 8.3 that Stab p(If) = Stab p(If) N°YPy=1{e}. O

Proposition 8.7. The stabilizer in I" of D’ (Ié1 ) is cyclic of order two generated by ew.

Proof. Explicit computation show that

71 v
ewIé% — {PO, w Po, wo i tow PO}»
crwro 143 Tow wltgw
I = {Po, Py, P()}, and

-1 -1~
oTWTO wIé’ﬁ — {wPO» TUwP(), w TJwP()}.

Then Stabp(ZE‘) =TI1UIl>UI3U Iy, where

=Y € Stabr(lg) | Vw_lff}wpo _ w‘lr&wPO}7

1

r&wPO — TUwP()},

1

y eotwto ! Stabr(Z3) | 7Y WP ="Py}, and

1

r=|
D=y cew-Stabp(Z3) |7
r3=|{
y={y eorwro'w-Stabr(Z3) | """ 7V Py = Py}

By Proposition 8.5, Stabp(I33) is trivial. It is easy to check that I'1 = {e}, I3 = {ew}, and 3 =
Iy=9. O
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Proposition 8.8. The stabilizer group of D'(Z°) is the cyclic group of order two generated
by o€2.

Proof. Note that Stab-(D'(Z°)) = Stab(Z°). With the exception of Py, forevery P € 7 3, there
exists a Q € Z° such that |Q(vp, vQ)|2 = 2. Therefore if y € Stab(Z°), then ¥ Py = Py. This
implies that
Stabp (IS) =TIp, N Stab['({wpo, P, Y Py, tawPo})
=Tp,N™" €77 Stabp (73)
=Tp,N wrlewo ™z~ {e,ew} from Proposition 8.7.

One easily checks that this intersection is {e, o€}, O

Proposition 8.9. The stabilizer in I" of D' (I%) is the group of order 32 generated by £€* and ew
given below:

Stabr(D'(Z%)) = {e, &%, 6%, &%, ew, ewg?, ewg?, ews®, £2ew, £2ewt?, E2ewt?,
£2ewel gtew, stews?, tlews?, etewt®, 0w, £0ewe?,
$6ewé4,§6ew§6, ew%‘zew, ew$4ew, ew$6ew,§26w$26w,
ézewé4ew,ézewééew,$4ew§2ew,$4ew§4ew,$4ew§66w,

EScwtew, ESewsew, §6ew566w}.
It is isomorphic to the group of order 32 with Hall-Senior number 31 [12].

Proof. Note that Stab(D’(Z%)) = Staby(Z®). Consider 7 12 C 78. Since the set of isotropic vec-
tors associated to Ilz is 1-bounded, if y € Stabp (Z' 8), then the set of isotropic vectors associated
to )’_’[12 is 1-bounded. There are 16 such subsets 7 ="~ 1'12 C 78 with this property. Then

Stab (Z%) = ]_[ Iy,

Icz®
T is I'-conjugate to Ilz

where
rr={y €yr-subr(R) | {7\ 77} = {7\ 7)),

One can compute that each I'7 has exactly two elements. Explicit computation of each Iz gives
the 32 elements listed.

Fix an ordering [Z®]. This induces a homomorphism 1 : Stab(Z%) — Gg. The subgroup
of Stab(Z®) which fixes the ordering is ker(y) = I' N (| pczs P). One calculates that this
intersection is trivial. Thus Staby (Z®) is isomorphic to its image ¥ (Stabp (Z%)) in Sg. In par-
ticular, non-trivial elements of v (Staby (Z 8)) written in disjoint cycle notation consist of 2, 4,
or 8-cycles. Thus the exponent of Stab(Z®) is 8. One computes that the center of Stab (Z) is
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cyclic of order four. There are only three groups of order 32 with exponent 8 and center which
is cyclic of order four, namely Gyg, G31, and Gz in the lists given in [12]. These are distin-
guished by the number of conjugacy classes of maximal elementary abelian subgroups, that is,
subgroups which are isomorphic to (Z/27Z)" for some r. Gys, G31, and G3» have one, two, and
three conjugacy classes of maximal elementary abelian subgroups, respectively. One calculates
that Stab-(Z®) has two conjugacy classes of maximal elementary abelian subgroups. [

9. Structure of the spine
9.1. Cell structure and action of the stabilizers

From the previous computations, one can get a very explicit description of the cellular
structure of the spine. For example, to find the strongly admissible sets of order three that
are on the boundary of Ilz, one needs to find all rational parabolic subgroups Q such that
1= 112 U {Q} is I'-conjugate to either 77, IS’ , or 133 and hence reduces to a simple calcula-
tion of the Q inner-products of vy with (1,0, 0)" and (0, 0, 1)". More precisely, define a map
10 : {ordered subsets of P} — Mat(Z) as follows: Given an ordered subset [Z] = (Py, ..., P,) C
P, let Q([Z]) be the n x n matrix whose (i, j)-component is |Q(vp,, vp_/.)lz.

Proposition 9.1. Let 7 be strongly admissible set. Then

((1) (1)) if T is I'-conjugate to T?,

0 2) if T is I'-conjugate to 13,
if T is I"-conjugate to 113 or Zg,

if T is I -conjugate to I3,

if T is I'-conjugate to T%,

if T is I'-conjugate to T3,

if T is I'-conjugate to 1°,

if T is I'-conjugate to T%.

PN~ AP — = —mO— = O, N O — N N N
N = O = = A= N\ /

N— R —m O RN —m kO em mON= RO~ O=N O
— O =N — A —
S =N~ =N =N

AN, RN —,O N~~~ —O NP, O N~~~ O N—=O —=—=0O
— AR NN—,PO—~, RN, R~ —PNO = m—O— —O—= —Or~

Table 1 summarizes the strongly admissible sets up to I"-conjugacy and gives their stabilizers.
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Table 1

Stabilizer groups of strongly admissible sets

S.AS. Stabilizer Generators
12 7.)27 x 7.JA7 (ew, €)
7 Z/8z (8)

73 7,127 (Tew)

Zg S3 (ew, 052)
3 trivial (e)

7} trivial (e)

73 7,27 (ew)

s 7,27, (o€?)

78 (ew, £2) G31

D(1}) D(13)

Fig. 1. The sets associated to the two I"-conjugacy classes of strongly admissible sets of order two are shown here. D(Ilz)
is homeomorphic to a polytope with dodecagon, hexagon and quadrilateral faces, while D(Ig) has only quadrilateral
faces.

In Fig. 1, the dodecagon faces are type Z>, the hexagon faces are type Ig, and the quadrilat-
eral faces are type 1'33. The edges that bound a hexagon or dodecagon are type If. The edges
where two quadrilaterals meet are type Ig . The vertices of edges of type If are type Z°, and
the others are type Z8. The incidence table is given in Table 2, where the entry below the diag-
onal means that each column cell has that many row cells in its boundary, and the entry above
the diagonal means the column cell appears in the boundary of this many row cells. The entries
below the diagonal can be read off from Figs. 2—4, while the entries above the diagonal can
be easily computed from Proposition 9.1, since the I"-conjugacy class of a strongly admissible
can be distinguished by the pairwise Q-inner products of its associated isotropic vectors, except
to distinguish 113 and I; , we must also compute the dimension of the span of their isotropic
vectors.

To understand how the cells in Fig. 1 are glued together to form the spine, one must remember
that the spine is in a four-dimensional symmetric space. Each 2-cell is a boundary face of exactly
three 3-cells that only meet along this face. In particular, there are two other 3-cells of type Ilz
that are glued to each dodecagon face of D(Ilz). There are two other 3-cells of type 7. 12 that are
glued to each hexagon face of D(Ilz). There is one other 3-cells of type Ilz and one 3-cell of
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Table 2
Incidence types
7} 13 7 3 5 v 1 18
1} * * 3 3 2 5 4 8 16
13 * * 0 0 1 1 2 2 8
I 2 0 * * * 1 0 2
7 4 0 * * * 1 0 2
73 12 8 * * * 2 4 6 32
7} 40 8 12 6 2 x x 4 0
73 16 8 0 0 2 x x 1 16
7° 32 8 12 6 3 1 * *
78 4 2 0 0 1 0 1 * *
AL (Tf'w):l 7° Taewél 78 (Tﬁw). A
D(1) D(13)

Fig. 2. Strongly admissible sets of order 4.

5 T4
A 1 75

D(Z?) D(13) D(13)

Fig. 3. Strongly admissible sets of order 3.

type 122 that is glued to each quadrilateral face of D(le). In particular, two 3-cells of type 122 are
never glued to each other along a 2-cell face.

Looking at the incidence table we see that there are two quadrilaterals, one hexagon, and
one dodecagon glued to each edge of type I?. Thus, given a dodecagon face and a hexagon
face of D(Ilz), the four other 3-cells emanating from these two faces can be paired so that each
pair is glued to each other along a quadrilateral face. Given a dodecagon face and an adjacent
quadrilateral face of D(Ilz), the four other 3-cells emanating from these two faces can be paired
so that one pair is glued to each other along a quadrilateral face and the other pair is glued to
each other along a hexagon. Similarly, given a hexagon face and an adjacent quadrilateral face
of D(Ilz), the four other 3-cells emanating from these two faces can be paired so that one pair
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D(T2) D(I3)

Fig. 4. Strongly admissible sets of order 2.

is glued to each other along a quadrilateral face and the other pair is glued to each other along
a dodecagon.

Looking at the incidence table we see that there are four quadrilateral faces glued to each
edge of type I; . Thus, given two adjacent quadrilateral faces of D(Ilz), the four other 3-cells
emanating from these two faces can be paired so that each pair is glued to each other along
a quadrilateral face.

In Figs. 2—4, a O-cell that is I"-conjugate to Z° will be denoted by e, and a O-cell that is I"-
conjugate to Z8 will be denoted by ®. A 1-cell that is I"-conjugate to If will be denoted with
a solid line, and a 1-cell that is I"-conjugate to I; will be denoted with a dotted line.

The 1-cell D(If) is shown in Fig. 2. The boundary consists of two O-cells that are both
conjugate to D(Z°). By Proposition 8.6, the stabilizer of D(If) is trivial.

The 1-cell D(Ig ) is shown in Fig. 2. The boundary consists of two 0-cells (one that is conju-
gate to D(Z) and one that is conjugate to D(T%)). By Proposition 8.7, the stabilizer of D(I§ ) is
isomorphic to Z /27 and is generated by ew. This acts on the cell by fixing it pointwise.

The 2-cell D(I?) is shown in Fig. 3. Its boundary consists of twelve 1-cells (all of which are
conjugate to D(If)) and twelve O-cells (all of which are conjugate to D(TY)). By Proposition 8.3
the stabilizer of D(Z; f) is isomorphic to Z /127 and is generated by tew. It is easily checked that
Tew acts on the figure by rotation by % about the first contact z(Z: f) for D(Il3).

The 2-cell D(I; ) is shown in Fig. 3. The boundary consists of six 1-cells (all of which are
conjugate to D(If)) and six O-cells (all of which are conjugate to D(Z°)). The point z(I;) is
the first contact for Ig. The lines /; represent the gradient flows of the fj function restricted to
D(IS ) from the first contact to two of the vertices of D(I;). By Proposition 8.4, the stabilizer of
D(I;) is isomorphic to &3 generated by ew and o>¢2. One can check that ew acts as reflection
about /1 and o€? acts as reflection about /5.

The 2-cell D(I33) is shown in Fig. 3. The boundary consists of four 1-cells (two that are
conjugate to D(Z: f) and two that are conjugate to D(I;t )) and four O-cells (three that are conjugate

to D(Z°) and one that is conjugate to D(Z%)). By Proposition 8.5, the stabilizer of D(I33) is
trivial.
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See Fig. 4 for a picture of the face relations for D(Ilz). The outside of the figure is the do-
decagon bottom face seen in Fig. 1. The boundary of D(Ilz) consists of twenty-two 2-cells (two
that are conjugate to D(If’), four that are conjugate to D(Ig), and sixteen that are conjugate
to D(Ig’)), fifty-six 1-cells (forty that are conjugate to D(If) and sixteen that are conjugate to
D(IEt )), and thirty-six O-cells (thirty-two that are conjugate to D(Z>) and four that are conjugate
to D(Z®)). By Proposition 8.1 the stabilizer of D(I%) is isomorphic to Z /47 x 7/27 generated
by € and ew. It is easily calculated that € acts by rotating the figure by —7 and ew acts by an
inversion, sending the interior 12-gon to the exterior one.

The other 3-cell D(I%) is shown in Fig. 4. The labels {a, b, c, d} are added to show the identi-
fications that need to be made. The boundary of D(Izz) consists of eight 2-cells (all of which are
conjugate to D(1'33 )), sixteen 1-cells (eight that are conjugate to D(Ii‘) and eight that are conju-
gate to D(Ig )) and ten O-cells (eight that are conjugate to D(Z>) and two that are conjugate to
D(Z%)). By Proposition 8.2, the stabilizer of D(Izz) is isomorphic to Z /87 generated by . It is
easily checked that & acts on the figure by the composition of an inversion sending the exterior
point to the interior point and a rotation of 7.

9.2. The subdivision

From the explicit description of the cells and I"-action, it is straightforward to subdivide the
spine so that the stabilizer of each cell fixes the cell pointwise.

First consider D(Ilz). It must be divided into eight 3-cells that are conjugate via Stab (Ilz).
One of the 3-cells X is represented by the shaded region in Fig. 4. It is easy to see that the
boundary of X consists of two 2-cells, C1 and C3, that are I"-conjugate to D(I33), half of the
2-cell D(IS) B, one-fourth of the 2-cell D(Il3), A, and three new faces, E|, E;, and D that
lie inside D(Ilz) and such that E1 and E, are I'-conjugate. Next we turn to subdividing the
boundary faces of X. From the description of the action of the Stab r(Il3 ) on D(Z; ?), it follows
that A must be subdivided into three I"-conjugate 2-cells Aj, A», and As. Similarly, because
of the action of Stab F(Ig ) on D(IS ), B must be subdivided into three I"-conjugate 2-cells By,
B, and B3. One can compute that the stabilizers of E; are trivial, and that the stabilizer of D
fixes D pointwise. The 1-cells of X, both the ones that are I"-conjugate to D(I;.‘) (j=1,2) and
the new ones that are introduced for the subdivision, do not need to be subdivided because the
stabilizers are either trivial, or the stabilizer acts on the 1-cell by fixing it pointwise. This yields
X in Fig. 5.

Similarly, D(IZQ) must be subdivided into eight 3-cells that are conjugate via Stab p(I%). One
of the 3-cells Y can be viewed in Fig. 4 by taking a face C; that is I"-conjugate to D(I33) and
looking at the set of points of D(Zzz) that would flow to C; under the gradient flow for — fI§ and

adding the first contact point of 122. Then the boundary of Y consists of five 2-cells, Cy, F1, F3,
G1, and G; such that Fj is I"-conjugate to F> and G is I"-conjugate to G,. The calculations
above show that the stabilizer of C is trivial, and it is easy to check that the stabilizers of Fi,
F>, G1, and G, are trivial as well. Hence the 2-cells do not need to be subdivided. Similarly, one
checks that the stabilizers of the 1-cells are either trivial or fix the 1-cell pointwise. This yields
Y in Fig. 5.

In the figures, the labels that only differ by a subscript are conjugate under I". For each I"-
conjugacy class, we fix a representative and compute the stabilizers. The results are given in
Table 3.
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Y

Fig. 5. Subdivided cells.
Table 3
Representative cells and their stabilizers
Cell Dimension Stabilizer Generators
X 3 trivial (e)
Y 3 trivial (e)
Al 2 trivial (e)
By 2 trivial (e)
Cq 2 trivial (e)
D 2 727 (ew)
E, 2 trivial (e)
Fi 2 trivial (e)
G 2 trivial (e)
ap 1 trivial (e)
by 1 7.)27 (cewo ™)
cq 1 Z7.)27 (ew)
di 1 trivial (e)
eq 1 Z7)27 (ew)
N 1 Z7]27 (ew)
g 1 Z7./A7 (€)
h 1 Z/AT (%)
i 1 trivial (e)
m 0 7127 (tew)
n 0 Z]27 x 7.]AZ (ew, €)
01 0 727 (ew)
pi 0 Gai ew, §%)
q 0 S3 (ew, 0€”)
r 0 7/8 (&)
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10. Cohomology of I'\ Dy with local coefficients

In this section only, we generalize to the case where D = G/K is a non-compact symmetric
space, where G is the group of real points of a semisimple linear algebraic group G defined
over Q. Let I" be an arithmetic subgroup of G(Q). Let Dy C D denote a spine with CW-structure
such that the I'-stabilizer of a cell fixes the cell pointwise.

In order to set notation, we recall the definition of orbifold and the sheaf associated to the
local system. We then prove that the cohomology of I"\ D with local coefficients is isomorphic
the cohomology of I\ Dy with local coefficients.

10.1. Orbifolds

The notion of an orbifold was first introduced by Satake in [16]. He called them V-manifolds.
Let M be a Hausdorff topological space. A local uniformizing system (L.u.s.) {U, I'y, ¢} for an
open set V C M is a collection of the following objects:

(1) U: aconnected open subset of R".
(ii) G: a finite group of linear transformations of U to itself such that the set of fixed points of
G is either all of U or at least codimension 2.
(iii) ¢: a continuous [y-invariant map U — V such that the induced map I'y\U — V is
a homeomorphism.

Let V C V' C M be two open sets and let {U, I'y, ¢} and {U’, I'ys, ¢’} be local uniformizing
systems for V and V' respectively. An injection 1:{U, I'y, ¢} — {U’, I'y/, ¢’} is a smooth in-
jection A: U — U’ such that for any y € I'y, there exists a y’ € 'y such that Aoy =y’ o A and
¢=¢ ol

Let £ be a family of local uniformizing systems for open sets in M. Then an open set V C M
is said to be £-uniformized if there exists a local uniformizing system for V in £.

Definition 10.1. An orbifold is a Hausdorff space M and a family £ of local uniformizing sys-
tems for open sets in M satisfying the following conditions.

(i) Let V. C V' C M be two open sets and let {U, I'y, ¢} and {U’, I'yr, ¢’} be local uni-
formizing systems for V and V' respectively. Then there exists an injection {U, I'y, ¢} —
{U/’ Iy, ¢)/}

(i1) The £-uniformized open sets form a basis of open sets for M.

Two families of local uniformizing systems £; and £, defining an orbifold M are said to be
equivalent if £1 U £, satisfies the conditions above. Equivalent families define the same orbifold
structure on M. Thus when talking about family of local uniformizing systems for an orbifold M,
we will mean a maximal family.

A smooth function on M is given locally on £-uniformized sets V by [ -invariant smooth
functions on U. Similarly, a smooth p-form on M is given locally on V by [y -invariant smooth
forms on U.

Note that a smooth manifold is an example of an orbifold where every group Iy for
{U, I'y, ¢} € £ is the trivial group. If M is a smooth manifold and I is a properly discontin-
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uous group of automorphisms of M, then the quotient I” \M has a canonical structure of an
orbifold.

10.2. I'\D as an orbifold

Since I acts properly discontinuously on D, X = I'\ D has a canonical structure of an orb-
ifold. Let 7 denote the projection D — X.

Given a connected open set V C X with local uniformizing system L, we can and will iden-
tify L with a triple {U, Stabr(U), |y} where U is a connected component of U=n="YV).
A smooth function on V is given by a Staby (U)-invariant smooth function on U. In particu-
lar, for an open subset O C X, a smooth function on O is given by a ["-invariant function on
7~ 1(0).

Since Dy is a spine, there exists a I"-equivariant deformation retract 7 : D — Dg. Then there
is an induced deformation retract » : X — Xo = I"\ Dyp.

10.3. Locally constant orbifold (fiber) bundles over '\ D
Let E be a I'-module with I"-action given by p : I' — GL(E). Let D xp E denote the

quotient space D x E/{(x,v) ~ (y - x, p(y)v) | y € I'}. For a I'-invariant deformation retract
Dy C D, we can similarly define Dy x i E. This yields the following maps.

Dy xE——DxFE

Suppose that E is an N-dimensional vector space. If I" is torsion-free, then X is a smooth
manifold and D x E is a flat rank-N vector bundle over X. If I" has torsion, then X is an
orbifold and D x j E is called a flat orbifold bundle over X.

Consider the presheaf £ on X defined as follows. For every open set U C X,

EWU) = {f’n_l(U) S E f is locally constant and }

flr-x)=p)fx)Vyerl, xen 1(U)

with the obvious restriction maps. Let E denote the sheafification of £. Similarly define the
presheaf & on X and let Eg denote the sheafification of &. Note that if I" is torsion-free, E is
the sheaf associated to the local system X defined by (E, p). We will extend this terminology
to X, respectively X, when I is not torsion-free and say that [E, respectively Eg, is the sheaf
associated to the local system on X, respectively X, defined by (E, p).
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Proposition 10.2. The sheaf Eq on X is isomorphic to the push-forward r,E of the sheaf E
on X.

Proof. Let Vy C X, be a contractible open set. Let Uy be a connected component of Vy =
Ty "(Vo). Since I acts properly discontinuously on Dy, by shrinking Vy (and hence shrink-
ing Up) if necessary, one can arrange that I'y, = {y € I' | y - Up N Uy # ¥} is a finite group.
A section f € Eg(Vp) is a locally constant map f: \70 — E such that f(y - x) = p(y)f(x) for
all y € I'. Since V) is a connected open set, it follows that 7o(Up) = Vg and I" - Up = 710_1 Vo),
and hence f is determined by its value vy, on Uy. Furthermore, by the I"-equivariance of f,
vy, € E'U | the subspace of E fixed by I'y,.

Recall that r,E(Vy) = E(r~'(Vp)). Since g o 7 = r o , there is a connected component U of
7 (r~1(Vp)) such that U = 7~1(Up). Since I' acts properly discontinuously on D, I'y = {y €
I'|y-UnNU # @} is finite. Thus a section ¢ € r,E(Vp) is determined by its value uy on U.
Furthermore, by the I"-equivariance of v, uy € E'U, the subspace fixed by I .

Thus to show that the sheaves are isomorphic, it suffices to show that for sufficiently small
Vo C Xop, the groups I'y, and I'y defined above are equal. It is clear that I'y, € I'y. To show the
opposite inclusion, suppose y € I'y. Then by definition y - UNU #¥. Letx ey -UNU. In
particular, x € U, so 7(x) € Uy. Furthermore, since x € y - U, y_l -x € U. Thus F(y‘l -x)eU
and the I"-equivariance of 7 implies that 7(x) € y - Up and hence y € I'y,. O

10.4. Cohomology of subspaces
We recall without proof two results of sheaf cohomology. A reference for this section is [10].

Theorem 10.3. (See [10, Theorem 10.6].) Let F be a sheaf on a paracompact space X, and let
A C X be a closed subspace. Let N be the set of all open neighborhoods of A. Then

lim H*(N; Flw) = H(A; FIA).
NeN

Theorem 10.4. (See [10, Theorem 11.7].) Let X be a paracompact space. Let f: X — Y a closed

map and F a sheaf on X. Suppose that H? (f ~1(y); Flg-14y) =0for p>0andally €Y. Then
the natural map

fUHAY L F) > HY (X F)
is an isomorphism.

Letr: X — Xo denote the deformation retraction arising from the I"-equivariant deformation
retraction of the symmetric space D to the spine Dy. Let (E, p) be a I'-module and let E and E
denote the associated local systems on X and X respectively. We believe the following results
are known, but since we could not find a reference, we provide a proof.

Theorem 10.5. H*(X;E) = H*(Xy; Eo).

Lemma 10.6. For every z € D,
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Staby(z) = Stabp (7 (z)) fort <1and
Staby(z) C Stabp (71 (2)).

Proof. Let y be an element of Stabr(z). Then y - 7 (z) = F(y - z) = 7:(z). Hence y €
Stabr (7 (z)). Notice that for each z ¢ Dy, c(t) =7;(z),0 <t < 1, is a reparameterization of
a geodesic, and I acts by isometries. Thus every y € Stabr(z) fixes the geodesic through 7 (z)
and z. In particular, Staby(z") = Stab(z) whenever z =7, (z') forsomet < 1. O

Proof of Theorem 10.5. We will show that H*(N; E|y) = H*(r~'(y); El,-1,y) for all con-
tractible neighborhoods N of y € Xy. Let U C D be a connected component of A (r_l(y)).
Let y denote the unique lift of y in U. Note that U is a finite union of geodesic rays em-
anating from y. By Proposition 10.6, the stabilizer groups Stab,(x) are isomorphic for X in
a connected component of U \ y. Let N C U be a contractible open subset containing y and let
N = 7 (N). Then it is clear that H*(r ! (y); El,-1(y)) = H*(N, E|n). Apply Theorem 10.3 with
X=r"'y),F= Equ(y), A = {y}, and \V the family of all contractible open sets containing y.
Then

H*(r ' () Elo1 () = lim H*(N;Ely) = H*(y; Ely).
NeN

In particular, H? (r ! (y); El,-1¢y) =0for p > 0.
By Theorem 10.4, this implies that H*(X; E) = H*(X¢; r«E). By Proposition 10.2, r,E = Eg
and the result follows. O

10.5. Computing the cohomology from the cell structure

The cell structure allows us to compute the cohomology H*(I"\ Dy; E) combinatorially once
I'"-representatives of cells and the stabilizers of those cells have been computed. This result is
known, but rephrased here in a way that is convenient for our computations. We first set up some
notation.

For each p, fix a set R, of representatives of I"-conjugacy classes of p-cells of Dy. Let
[t] denote the representative of the class of 7. For each representative [t], fix a distinguished
maximal flag of cells

Fo=twn<t<---<T1p, wherer;isani-celland 7, =[7].

For each cell 7, let y; € I' be such that y; - F[) terminates in 7. Note that y; is well-defined up
to Stab (7).

For each fixed p-cell, let S, denote the simplicial complex arising from the poset of cells in
o with the partial ordering derived from containment. In particular, the vertices of S, are the
cells contained in o and the k-simplices are the (k + 1)-flags o9 < 01 < - - - < 0. Define a map
ne : { p-simplices of Sy} — {£1} by the equation 95, = ZFESU ne(F)0F. Multiply by —1 if
necessary so that n, (Y5 Fio1) = (—1)?. Then for each o, define a map

sgn, (t) =ngy (Y Flo) < 0). (23)
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Theorem 10.7. The cohomology H*(Xo; E) can be computed from the complex

O N @ ESlabr(a) N @ ES[ab[‘(O') > @EStabr(o) N 0’

o€eRy oER; oeR

where the differential

d- @ EStabre) _ @EStabr(a)

0€ER)_1 0€ER,

is given by

o= Y sgng(p(ov.

ta (p—1)-cell €do

Here yy, sgn, and [-] are defined above and the vector vy is the [t]-component of the vector
= @g’eRPil EStabp(a)'

11. Cohomology
Recall that €, w, o, 7, and & were explicitly defined elements of G given in Section 2.

Theorem 11.1. Let E be a I'-module with the action of I given by p:I" — GL(E). Then
H*(I'\D; E) can be computed from the following cochain complex.

O—>C0—>C1—>C2—>C3—>O,
where

CY = grtew) oy plo(€).p(w)) gy prew) g E(plew).p(E?)) D Eplew).p(oe®) ® EP®),

C' = E@ EPocwo™) g prew) oy f gy EPew) gy priew) oy pr©) oy prE?) o E.
C°’=EQE®E®E' ““OEDEDE,
C’=E®E.

Then for (k;) € C% (A)eCl, and (ui) € C?, the differentials are given by

—k1 + p(E>)K3

p(E)k3 — K5
K3 — K5
—k3+ p(§)k3
do(x) = K3 — K4 ,
—K2 + K4
K1 — K2
K4 — K¢

K3 — K6
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=i+ p(tew)rir + p(§)Aq
A — A3 — Mg
M+ pE)ha +As — p(EN)As
di(t) = | —p(oe®)rr+ 43 — As + p(towto ™ His — s + p(€)hs |,
M= pEHAs —he + A7
—As —Ag + A9
g+ ro — p(§)Ag
Apr+ Bus — p3 — p(toew™ Y pus — g+ ps — P(G)MS)
—u3 — e+ pEN e + 7 + pE)p7

dr(pu) = (

where

1

A:p(1)+p(rew)+p(tew)2 and B:—p(1)+p(oew671)—p(oewai ew).

An application of Theorem 11.1 is the following.
Corollary 11.2. The group I' = SU(2, 1; Z[i]) is generated by {€, w, T, 0}.

Lemma 11.3. Let H be a subgroup of a group G. If H # G, then there exists a representation
(E, p) of G such that EPH) £ PO,

Proof. Consider the representation (E, p) of functions ¢ : G/H — C with the left regular action
of G on ¢. The characteristic function y.y of the identity coset e H is fixed by H, but not fixed
by GforG#H. O

Proof of Corollary 11.2. Let p: I" — GL(E) be a representation of I". Then the cohomology
HY(X; E) is equal to the global sections E(X) = E'". Since H°(X; E) is the kernel of dq given
in Theorem 11.1, HO(X; E) = E{©».%9) Tt is well known that H%(X; E) = E*U") The result
then follows from Lemma 11.3. O

The following corollary follows immediately from the form of d; given in Theorem 11.1.

Corollary 11.4. Let E be a I'-module with action given by p : I' — GL(E). Let E denote the
associated sheaf. Then

rank(H3(F\D; E)) <rank(E) — rank(E"(ew)).

Corollary 11.5. Let E be a finite-dimensional complex representation of SU(2, 1). Let E;j denote
the iw1 + jwy weight space of E, where w1 and wy are the fundamental (complex) weights
of s3C, the complexification of su(2, 1). Then

dim H3(M\D;E) < ) dimEj;j + Y _ dim(Ey; Nker(I + p(w))).
i>j
i=j)
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Table 4

Cohomology for Sym” (V)
n 1 2 3 4 5 6 7 8 9 10
n 0 0 0 0 0 0 0 0 0 0
! 0 0 0 0 0 0 0 0 0 0
n? 1 0 0 1 3 1 2 2 5 1
" 0 0 0 1 0 0 0 1 0 0
n 11 12 13 14 15 16 17 18 19 20
n 0 0 0 0 0 0 0 0 0 0
! 0 1 0 0 3 4 2 5 8 11
n? 2 3 7 4 5 4 9 5 7 5
n 0 1 0 0 0 1 0 0 0 1

Proof. The dimension of H3(I'\D; E) = 2dim(E) — rank(d>). From the form of d, given in
Theorem 11.1, it follows that

dim H3(I'\D; E) < dim(E) — rank(®), 24)

where @ : EP€%) @ E — E is the linear map given by ® (v) = vj + v2 — p(€)va. Let E denote
the (41)-eigenspace of p(¢) and E_ denote the (—1)-eigenspace of p(w). Then (24) implies
that

dim H3(I'\D; E) < dim(E4 N E_). (25)
The result follows from translating the eigenvalue condition into a condition on weights of E. O

First consider the trivial representation £ = Z. Then H*(I"\ D; E) is isomorphic to the sin-
gular cohomology of I"\ D. Proposition 11.1, allows us to explicitly compute the cohomology.

Theorem 11.6. Let Z denote the constant sheaf of integers on I'\D. Then

k o |2, k=0,2,
HA (D 2) = {O, k=1ork>3.
Theorem 11.7. Let E = Z[i1? with the natural action of I" and let E denote the associated sheaf
on I'\D. Then

0, k=0,
HY(I'\D;E) = {Zz, k=2,
Z)2Z, k=3

Theorem 11.8. The dimensions h' of the cohomology groups for I" with coefficients in Sym" (V),
0 < n <20, where V = C3 is the standard representation is as tabulated in Table 4.
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