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1. (10 points) Use the Intermediate Value Theorem to show that f(x) = 2> —2? — 1 has a
root in the interval [1,2].

Solution: First note that f is continuous on [1,2]. (It is in fact continuous every-
where.) We have that f(1) = —1 and f(2) =8 —4 — 1 = 3. Since 0 is between —1
and 3, the Intermediate Value Theorem guarantees the existence of ¢ between 1 and
2 such that f(c) = 0.

2. (5 points) (Precise definition of limit) Let f(z) be defined on an open interval containing
xg, except possibly at zq itself. We say that the limit of f(z) as x approaches xq is L,
denoted lim f(x) = L, if

T—T0

Solution: for every e > 0, there exists 6 > 0 such that for all  # x,

0<|z—m0] <d = |f(z)—L| <e

3. (b points) Find a number § > 0 such that every number z in the interval |x — 1| < §

also satisfies |(8z —2) — 6] < 145-

Solution: We have that

1
8z —2)—6| =8z — 8 =8|z — 1| < —
(82 —2) — 6] = |8z — 8] = 8fo — 1] <

L Thus we can choose § = -L-

as long as [z — 1| < g- 500
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22— 10°

(a) (5 points) Evaluate lim f(x) and lim f(z).

T—5~ z—5t

4. Let f(x) =

Solution: Note that if we tried to plug in x = 5, we would get “%5”. That

means the limit is +00, —o0, or does not exist. For values x near 5 but less
2

than 5, 22 is positive and 2z — 10 is negative. Thus 5 is negative for such
x —
values. It follows that )
lim z = —00.
a—5- 2x — 10

For values x near 5 but greater than 5, 2 is positive and 2x — 10 is positive.
2

x
Th
s 2z — 10

is positive for such values. It follows that

332

im =
z—5+ 22 — 10

(b) (5 points) Does the graph y = f(x) have a vertical asymptote? If it does, give the
formula for the vertical asymptote. If not, explain why not.

Solution: The only possible place this graph can have a vertical asymptote
is where 2x — 10 = 0. That means z = 5 is the only possibility. Since the
numerator is not zero when x = 5, this shows that x = 5 is indeed a vertical
asymptote.

342013
o Tr3 4232+ — 1
(a) (5 points) Evaluate lim f(z).

T—00

5. Let f(z)

Solution: Polynomials are dominated by their leading term. Hence

323 + 22 — 13 o 33
11m —
z—oo T3 + 2322 + 1 — 1

(b) (5 points) Does the graph y = f(x) have a horizontal asymptote? If it does, give
the formula for the horizontal asymptote.

Solution: Yes. The horizontal asymptote (from the computation above) is
3
Y=z
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6. Evaluate the following limits

. . t+42
(a) (5 pomts) tl_l}f£l2 m

Solution: Notice that if we plug in t = —2, we would get “%”. That means we
need to do more work. We compute

t+2 1
TR e P . ) N S S
t>—212+3t+2 -2 (t42)(t+1) t—-2t+1

_ . sin(bx)
(b) (5 points) glﬂlir(l] %
Solution:
lim sin(5x) 1 lim sin(5x) 1 lim 5sin(bx) _5 lim sin(5x).
z—=0 3z 3z=0 x 3 z—0 15%5 3z=0 bx

Let 6 = 5x. As x — 0, we have § — 0 Then

lim sin(5x)  lim sin()
z—0  br 6—0 0

. sin(bz) 5
1 =2
O 3r 3

7. (10 points) Suppose f is a function such that lim1 f(x) = 2. Suppose g is a function
Tr—r
such that lim1 g(x) = 4. Use Limit Laws to compute liml(4f(x) —Vg(z)).
T z—

Solution:

lim(4f(z) —v/g(x)) = 91:1_>H% A4f(x) — il_}Iq Vg(z) Difference Rule

z—1
=4 lin% f(z) — lin% Vg(x) Constant Multiple Rule
z— z—
=4lim f(x) — , /lim g(z) Root Rule
z—1 z—1
—4(2) — V4
= 6.
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MAT 191 Test 1 September 6, 2013

T+ 3

= h continuous?
¢ —3x — 10

8. (10 points) At what points is the function f(x) =

Solution: Note that f is a rational function, and so it is continuous on its domain.
The domain of a rational function is all real numbers, except the roots of the de-
nominator. Since 22 — 3x — 10 = (x — 5)(x + 2), we have that f is continuous

. (—o0,—2) U (=2,5) U (5, 00).

9. (10 points) For what value of a is

22+1 ifz< =2,
fx) = {5ax ifx > -2

continuous at x = —27

Solution: We have that f is continuous at z = 3 if lirrzl)) f(z) = f(3). We compute
T—
lim f(r) = (=2)*+1=>5and lim f(x) =5-a-(—~2) = —10a. It follows that
T——2" z——2%1

to arrange that f is continuous at x = 3, we must have 5 = —10a. Thus choosing
a = —% will make f continuous at x = 2.
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10. (10 points) Suppose f and g are continuous functions such that

lim f(x) =2, f(7)=-1, limg(x)=7, and g¢(2)=3.

xz—0 z—0

Compute lin% g(f(x)) or explain what additional information is needed to compute the
r—r

limit.

Solution: Recall that the composition of continuous functions is continuous so that

lim g(f(x)) = g(lim f(z)) = g(2) = 3.

z—0 z—0

11. The graph of y = f(z) is shown below. Compute the following or explain why it does
not exist.

(a) (2 points) lim f(x)

r——21

Solution: As we approach —2 from the right, the height of the graph ap-
proaches —3, so lim+ f(z)=-3.
T——2

(b) (2 points) lim f(x)

r——2"

Solution: As we approach —2 from the left, the height of the graph approaches
4,50 lim f(z)=4

r——2"

(c) (2 points) f(~2)
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Solution: The height at —2 is —3, so f(—2) = —3.

() (2 points) lim f(z)

Solution: As we approach 4 from the left and from the right, the height of the
graph approaches 3, so hn}l f(z) = 3.
T—

(€) (2 points) lin f(x)

Solution: As we approach 2 from the left and from the right, the height of the
graph approaches 1, so lin% f(z)=1.
T
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