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1, 2, 3, 4, ... N

Z
Z+

Q R C

a �= 0 b a

b c b = ca a | b

6 | 12 12 = 2 · 6
7 � 10

a, b, c ∈ Z a �= 0 d

a b ( gcd) a b

d = gcd(a, b) e

a b c gcd a b c e = gcd(a, b, c)

a, b ∈ Z a �= 0 a b

gcd(a, b) = 1

a, b, c ∈ Z a �= 0 gcd(a, b) = 1
s t as+bt = 1 gcd(a, b, c) = 1

s, t u as+bt+cu = 1 a | bc

gcd(a, b) = 1 a | c gcd(a1a2, b) = 1 gcd(a1, b) = 1 gcd(a2, b) = 1

p > 1 p

2, 3, 5, 7, 11, 13, 17, . . .



≥ 2

p a ∈ Z p � a gcd(p, a) = 1

n n = ab

1 < a, b < n n � a gcd(n, a) = a �= 1

p p | ab p | a p | b

6 | (2 · 3)
6 � 2 6 � 3

m

a, b,m ∈ Z m ≥ 2 a b

m m | (b− a) a ≡ b (mod m)

16 ≡ 5 (mod 11) 11 | (16 − 5) 17 �≡ 2 (mod 11)
11 � (17− 2)

a, b, c,m ∈ Z m ≥ 2
a ≡ a (mod m)

a ≡ b (mod m) b ≡ a (mod m)
a ≡ b (mod m) b ≡ c (mod m) a ≡ c (mod m)

a ≡ b (mod m) c ≡ d

(mod m) a + c ≡ b + d (mod m)

m m

m ≥ 2 Z



m Z
m 0 m 0

0 m 0 = {. . . ,−2m,−m, 0,m, 2m, . . . }

1 = {. . . , 1 − 2m, 1 − m, 1, 1 + m, 1 + 2m, . . . }

m = 6 2+8 = 4
m m

Zm Zm := {0, 1, . . . ,m− 1}

G �

G G

a � b = b � a a, b ∈ G �

(a � b) � c = a � (b � c) a, b, c ∈ G �

e G G a ∈ G

e � a = a

a ∈ G a
−1

G a

a � a
−1 = e

G = Zm

0 a −a

Zm 1

Z G

G G

|G| |Zm| = m m

m gcd(a,m) = 1
a ∈ Zm m

m m

m

m ≥ 2 a ≡ b (mod m) gcd(a,m) =
gcd(b,m)

m ≥ 2
m Um

U6 = {1, 5} e 1
Um



N Um

ϕ ϕ(1) = 1 ϕ(m) = |Um|

m ≥ 2 m ≥ 2 ϕ(m)
n 1 ≤ n ≤ m − 1 gcd(n,m) = 1

ϕ(2) = 1 ϕ(3) = 2 ϕ(4) = 2 ϕ(5) = 4 ϕ(6) = 2
ϕ(p) = p − 1 p

m1,m2 ∈ Z≥2

gcd(m1,m2) = 1 a1, a2

x x ≡ a1 (mod m1) x ≡ a2

(mod m2)
m1 ·m2

r ≥ 3
m1,m2, . . . ,mr ∈ Z≥2

a1, a2, . . . , ar

x

x ≡ aj (mod mj) j = 1, 2, . . . , r
m1 ·m2 · · ·mr

m ≥ 2 r gcd(r,m)
= 1 r x

x
2 ≡ r (mod m) x r

Um r

m x ∈ Um x
2 = r

Um 5
6 1

2
= 5

2
= 1 U6

m = p

p a

p (ap) +1 a

(mod p) −1 a (mod p)



p = 5 (25) = −1 (45) = 1

p a b

p

a ≡ b (mod p) (ap) = ( bp)

a
(p−1)/2 ≡ (ap) (mod p)

(abp ) = (ap)(
b
p)

{1, 2, . . . , p−1} (p−1)/2
(mod p) (p− 1)/2 (

(mod p)
(mod p))

1 3 4
p q

p �= q

(−1
p ) = 1 p ≡ 1 (mod 4) −1 p ≡ 3 (mod 4)

(2p) = 1 p ≡ 1 7 (mod 8) −1 p ≡ 3 5 (mod 8)
(pq ) = ( qp) p ≡ q ≡ 3 (mod 4) (pq ) = −( qp)

(−1
p ) = (−1)(p−1)/2

(2p) = (−1)(p
2−1)/8

(pq )(
q
p) = (−1)[(p−1)(q−1)]/4

m ∈ N a ∈ Z
gcd(a,m) = 1 m > 1�t

i=1 p
ei
i ( a

m)
( a
m) =

�t
i=1 (

a
pi
)ei (a1) 1

a ( 2
75) −1 75 = 3 · 52

(23) · (
2
5)

2 = (−1) · (−1)2 = −1
m

( a
m)



a m ( 2
15) = (23)(

2
5) = (−1)(−1) = 1

2 15

ax
2+bxy+cy

2 (a, b, c) a b c

x y

x
2 + y

2 = z
2

(x, y, z) (3, 4, 5) (5, 12, 13)
n = x

2 + y
2
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x
2 − dy

2 = 4
d

n = x
2+y

2

p

p = x
2 + y

2
x, y ∈ Z p ≡ 1 (mod 4),

p = x
2 + 2y2 x, y ∈ Z p ≡ 1 3 (mod 8),

p = x
2 + 3y2 x, y ∈ Z p = 3 p ≡ 1 (mod 3).

p 5

p = x
2 + 5y2 x, y ∈ Z p ≡ 1 9 (mod 20),

x y

p x
2 + 27y2 p ≡ 1 (mod 3)

2 p p x
2 + 64y2

p ≡ 1 (mod 4) 2 p

p x
2+27y2 4x2+2xy+7y2

p ≡ 1 (mod 3)



n

n = x
2 + y

2
x y

(2k)2 = 4k2 0
(2k + 1)2 = 4k2 + 4k + 1 1



n = 4k + 3
0

2
1 3, 7, 11, 15, 19, 23, 27, . . .

n

q 4k + 3 x
2 + y

2 = n x
2 ≡ −y

2 (mod q)
−1 q q � y

z zy ≡ 1 (mod q)
x
2 ≡ −y

2 (mod q) z
2 (xz)2 ≡ −1 (mod q)

−1 q

q | y q | x

q
2 | n x

2 + y
2 = n q

2
n = q

2
n1

n1 q

n1 q
2

q n

n

4k + 3
3, 6, 7, 11, 12, 14, 15, 19, 21, 22, 23, 24, 27, . . .

4k + 3

n x
2+y

2
x, y ∈ Z

4k+3
n

4k + 3
n n

(a2 + b
2)(c2 + d

2) = (ac− bd)2 + (ad+ bc)2



n > 1 n

4k+1
4k+3

n 2 = 12 + 12

q 4k + 3 q
2 = q

2 + 02

4k+1
x
2 + y

2

p 4k + 1

p z
2 + 1

p x
2 + y

2

p 4k + 1
z z

2 + 1 ≡ 0 (mod p)
p z

1 ≤ z ≤ p− 1 z

−(p − 1)/2 ≤ z ≤ (p − 1)/2 p

z �= 0 m

mp = z
2 + 1

m =
1

p
(z2 + 1) <

1

p

�
p
2

4
+ 1

�
< p.

x y

mp = x
2 + y

2
,

m p y
2 12

m > 1
m1 < m m

mn = 1
p

m > 1
u v

−
m

2
≤ u, v ≤

m

2

u ≡ x, v ≡ y (mod m).



u
2 + v

2
≡ x

2 + y
2
≡ 0 (mod m),

mr = u
2 + v

2

r r �= 0 u
2 + v

2 = 0 u = v = 0
x y m x = ms

y = mt p = m(s2+ t
2)

m p 1 < m < p

r =
1

m
(u2 + v

2) ≤
1

m

�
m

2

4
+

m
2

4

�
< m,

u
2 + v

2
> 0 0 < r < m

m
2
rp = (x2 + y

2)(u2 + v
2) = (xu+ yv)2 + (xv − yu)2.

xu+ yv ≡ x
2 + y

2
≡ 0 (mod m)

xv − yu ≡ xy − yx ≡ 0 (mod m)

xu + yv xv − yu m xu + yv = mx1

xv − yu = my1 m
2

rp = x
2
1 + y

2
1.

r m rp

r m1

p

�



F (x, y)
F (x, y) = ax

2+ bxy+ cy
2

a b c

x y

F (a, b, c)

(a, b, c) gcd(a, b, c) = 1

(2, 6, 5) (4, 12, 10)

ax
2+bxy+cy

2

(x, y) = (1, 2) 2 · 12 + 6 · 1 · 2 + 5 · 22 = 34
(2, 6, 5) x y

k �= 0 F (x, y) = k x, y gcd(x, y) = 1
k F x y

1

(x, y) �= (0, 0)
F (x, y) > 0 (x, y) �= (0, 0) F (x, y) < 0



x y

d (a, b, c)
b
2 − 4ac

(2, 6, 5) d = 62 − 4 · 2 · 5 = −4
b

F (x, y) d = b
2

ax
2+ bxy+ cy

2

a �= 0 b
2 4a

4a(ax2 + bxy + cy
2) = 4a2x2 + 4abxy + 4acy2

= (2ax+ by)2 + (4ac− b
2)y2.

4ac− b
2

x = 0 y = 0
x y

(x, y) �= (0, 0) a ax
2+bxy+cy

2

(a, b, c)
a > 0 a < 0

a, b c

F (x, y) = ax
2+bxy+cy

2

d d

a �= 0
F (1, 0) = a F (b,−2a) = ab

2 − b · 2ba + c · 4a2 = a(4ac − b
2) = −da

b
2 − 4ac ≡ b

2



. . . ,−19,−16,−15,−12,−11,−8,−7,−4,−3, 0, 1, 4, 5, 8, 9, 12, 13, 16, 17, . . . .

d ≡ 0
(1, 0,−d

4) d d ≡ 1 (1, 1,−d−1
4 )

d a = 1 b = 0 b = 1

(2, 6, 5) −4 −4 (1, 0, 1)

(a, b, c) d d = b
2 − 4ac = (b +

2)2 − 4(b + 1 + ac) (a �
, b

�
, c

�) = (1, b + 2, b + 1 + ac) d

(a �
, b

�
, c

�)
b

x y

d ∈ Z \ {0, 1} 0 1 4

≡ 8 ≡ 12 (mod 16)

d t

d t ≥ 1 t d

0 1 d �= −1 −1 �≡ 1 (mod 4)

p a p(a)
p a p(a)
a p(a) ≤ 1

p

2(−8) = 3 5(75) = 2

d 4 | d

2(d) ≥ 2 d
4 ≡ 2 (mod 4) d

4 ≡ 3 (mod 4) 2(d) ≤ 3
d
4

d d = 8+16k d = 12+16l d

4 2(d) = 2 d
4 = 3 + 4l



d
4 ≡ 3 (mod 4) d 8 2(d) = 3 d

8 = 1 + 2k
d
4 ≡ 2 (mod 4)

d
4

2(
d
4) = 0 2(

d
4) = 1

d
4 �

4 4
8 12 16 −4 −8 8

2

D D ≡ 2
(mod 4) D ≡ 3 (mod 4) 4D

D �= 0 4D �= 0 4D �= 1 4D ≡ 0 (mod 4)
D 4D

D = 2 + 4k k 4D = 8 + 16k D = 3 + 4k
k 4D = 12 + 16k �

D ≡ 1 (mod 4) D �= 1 D D

D ∈ Z \ {0, 1} D ≡ 1 (mod 4) D

�
p 1 4

5, 13, 17, 29, . . . p

3 4 −p

−3,−7,−11,−19, . . .

. . . ,−19,−11,−8,−7,−4,−3, 5, 8, 13, 17, 29, . . . ,

−8,−4, 8 p ±p

p 4 p ≡ 1 4 +p

p ≡ 3 4
−p



−3,−4,−7,−8,−11,−15,−19,−20,−23,−24,−31,−35,−39, . . .

5, 8, 12, 13, 17, 21, 24, 28, 29, 33, 37, 40, 41, 44, 53, 56, 57, . . . .

d d

n d

n ≥ 1 n = 1 d

n ≥ 1 d n+ 1
p p | d

dp ≡ 1 (mod 4)
d

� = d/dp d
�

n

d d = 4D D ≡ 2 (mod 4)
D ≡ 3 (mod 4) D d

� = 4 ·(D/dp) dp | D

(D/dp) (D/dp) ≡ 2 (mod 4) (D/dp) ≡
3 (mod 4) dp ≡ 1 (mod 4) d

�

d d ≡ 1 (mod 4) d

n+1 ≥ 2
d

� ≡ 1 (mod 4) dp ≡ 1 (mod 4) d
� �= 1

d
�

d
�

d
�

�
−15

(−3) · 5 −3 5 3 ≡ 3 4
5 ≡ 1 4 3 · (−5)

−84
(−7) · (−4) · (−3)



−64 = (−8) · 8 = (−4) · (−4) · (−4)
−12

2
2

4
d d ≡ 1 (mod 4)

d2 = −4 d
d
4 ≡ 3

(mod 4) d ≡ 12 (mod 16) d2 = −8
d

d
4 ≡ 2 (mod 4)

d/d2 1
1 d/d2 ≡ 1 (mod 4)

d
−8 = 1 + 4k d/4 = −2 − 8k d

4 ≡ 6 (mod 8)

d2 = 8 d
d
4 ≡ 2

(mod 4) d
8 = 1 + 4k d

4 ≡ 2 (mod 8)
d2 = 1

d2

d

d2 = 1 d ≡ 1 (mod 4)
d2 = −4 d

4 ≡ 3 (mod 4)
d2 = −8 d

4 ≡ 6 (mod 8)
d2 = 8 d

4 ≡ 2 (mod 8)

F (x, y) = ax
2 + bxy + cy

2

b
2− 4ac d F (x, y)

e > 1 e | a

e | b e | c a1 b1 c1 d = b
2 − 4ac =

(eb1)2−4(ea1)(ec1) = e
2(b21−4a1c1) p e p

2 | d

e > 1
2 | e e = 2t t ∈ N

t t = 2f

f ≥ 0 f ≥ 1 2(e2) ≥ 4 d 24

f = 0 e = 2 d = 4(b21 − 4a1c1)
d

d
4 = b

2
1 − 4a1c1 ≡ 2 3 (mod 4)

b
2
1 − 4a1c1 ≡ b

2
1 ≡ 0 1 (mod 4)



gcd(a, b, c) = 1 F (x, y)
�

∼ A

a ∈ A a ∼ a

a, b ∈ A a ∼ b ∼ a

a, b, c ∈ A a ∼ b b ∼ c a ∼ c

∼ A

A

(a, 0, c) (c, 0, a) ax
2+ cy

2

cx
2 + ay

2
x y

x = Y

y = X X Y

X, Y

x, y

x = rX + sY, y = tX + uY

x y

r, s, t, u

X = 1, Y = 0 x = r y = t X = 0, Y = 1
x = s y = u

X Y x y

x y X Y

X Y x y

u s

ux− sy = (ru− st)X.

r t

−tx+ ry = (ru− st)Y.



ru− st �= 0 ux− sy −tx+ ry

x y e = ru − st

e

X =
u

e
x−

s

e
y, Y = −

t

e
x+

r

e
y.

x, y

e = ±1 e

r

e

u

e
−

s

e

t

e
,

1
e e = ±1

r, s, t, u ru− st

±1

ru−st

( r s
t u )

|
r s
t u | det ( r s

t u ) ru − st

+1

F = (a, b, c) G = (a1, b1, c1)
x = rX + sY y = tX + uY

r, s, t, u ∈ Z ru− st = 1 (a, b, c) (a1, b1, c1)

F (x, y) = a(rX + sY )2 + b(rX + sY )(tX + uY ) + c(tX + uY )2

= a1X
2 + b1XY + c1Y

2 = G(X, Y ),

a1 = ar
2 + brt+ ct

2
,

b1 = 2ars+ b(ru+ st) + 2ctu,

c1 = as
2 + bsu+ cu

2
.



(a, b, c) ∼

(a1, b1, c1)
a1 = F (r, t)

c1 = F (s, u) a1 c1 F ru− st = 1
gcd(r, t) = 1 gcd(s, u) = 1

a1 c1 F

F (x, y) = ax
2 + bxy + cy

2 2× 2

M(F ) =
�

a b/2
b/2 c

�
F

( x y )·M(F )·( x
y ) 1×1

F (x, y) (F (x, y)) = ( x
y )

T
·M(F ) · ( x

y )
x = rX + sY y = tX + uY

( x
y ) = ( r s

t u ) (X
Y )

( x y ) = (X Y ) ( r t
s u ) (X Y ) ( r s

t u )
T
·M(F ) · ( r s

t u ) (X
Y ) =

(X Y ) · M(G) · (X
Y ) = (G(X, Y )) M(G)

G(X, Y ) = a1X
2 + b1XY + c1Y

2

2 × 2

SL2(Z) SL

1 Z

( r s
t u )

SL2(Z)
( r s
t u ) ∈ SL2(Z) F G

F ( r s
t u ) = G ( r s

t u )
T
·M(F ) · ( r s

t u ) = M(G)

F = (a, b, c) d

F ∼ G = (a1, b1, c1) G d d < 0 a > 0
a1 > 0 F a

x = y = 0 d < 0 F G

b
2
1 − 4a1c1 = (2ars+ b(ru+ st) +

2ctu)2 − 4(ar2 + brt+ ct
2)(as2 + bsu+ cu

2) = a
2(4r2s2 − 4r2s2) + b

2(r2u2 + 2rstu+
s
2
t
2− 4rstu)+ c

2(4t2u2− 4t2u2)+4ab(r2su+ rs
2
t− r

2
su− rs

2
t)+4ac(2rstu− r

2
u
2−

s
2
t
2)+4bc(rtu2+ st

2
u− rtu

2− st
2
u) = (b2− 4ac)(ru− st)2 = b

2− 4ac = d

ru− st = 1 F G

ru− st = −1 d < 0 a > 0 F a1 x = r



y = t a1 > 0 F r = t = 0
ru− st = 1 �

F ∼ G k = G(X, Y )
k = F (rX + sY, tX + uY ) �

(1, 0, 21) (3, 0, 7) −84
x
2 + 21y2 x = 1 y = 0

3x2 +7y2

(a, b, c)
(a, b, c)

m F (x, y)
F (x, y) G(X, Y ) = mX

2 + b1XY + c1Y
2

b1, c1 ∈ Z

(=⇒) m = F (r, t) r, t gcd(r, t) = 1
u, s ru − st = 1 det ( r s

t u ) = 1
G(X, Y ) = F (rX + sY, tX + uY ) F (x, y)

G(X, Y ) = a1X
2 + b1XY + c1Y

2
a1, b1, c1 ∈ Z

a1 = F (r, t) = m

(⇐=) F (x, y) ∼ G(X, Y ) = mX
2 + b1XY + c1Y

2 ( r s
t u )

F G F (r, t) = m

ru− st = 1 �

d m ≥ 3
d m

d d m



(=⇒) m F (x, y)
d F (x, y) G(X, Y ) =

mX
2+b1XY +c1Y

2
F (x, y) d = b

2
1−4mc1

b
2
1 ≡ d (mod m) d m

gcd(d,m) = 1
(⇐=) d m b1 ∈ Z

b
2
1 ≡ d (mod m) b1 d

b1 d b1 +m d

m (b1 + m)2 ≡ d (mod m) b ∈ Z
d b

2 ≡ d (mod m) b d

d ≡ 0 1 (mod 4) 4 | (b2 − d) m | (b2 − d)
gcd(4,m) = 1 4m | (b2 − d) 4mc = b

2 − d c ∈ Z
F (x, y) = mx

2 + bxy + cy
2

d

m F (x, y) F (1, 0) = m �

d

(a, b, c)

|b| ≤ |a| ≤ |c|.

(a0, b0, c0) a

(a0, b0, c0) a

−a

a = a0r
2 + b0rt+ c0t

2

r t gcd(r, t) �= 1 a
(gcd(r,t))2

0 < |
a

(gcd(r,t))2 | < |a| a gcd(r, t) = 1
s u

ru− st = 1.

( r s
t u ) (a0, b0, c0) (a, b �

, c
�)



h ( 1 h
0 1 ) (a, b �

, c
�) (a, b, c)

b = 2ah+b
�

|b| ≤ |a|.

c �= 0 d c

(a, b, c) x = 0 y = 1 c

(a0, b0, c0)
|a| ≤ |c| �

d < 0
= d

a > 0 c > 0

|b| ≤ a ≤ c.

(a, b, c) ∼ (c,−b, a) ( 0 1
−1 0 )

( 1 h
0 1 )

a, b, c

�
c > a − a < b ≤ a,

c = a 0 ≤ b ≤ a.

�

(a, b, c) d < 0
( )

F d < 0
F

(a, b, c)
a > c b

( 0 1
−1 0 ) ( 1 h

0 1 ) h



a

a > c b

b a

(a, b, c)

(41, 100, 61) d = 1002 − 4 · 41 · 61 = −4
(41, 18, 2) 2 · 41 · (−1) 100 h = −1

b 18 c = b2−d
4a = 2 a d

b (2,−18, 41)
h = 5

2 · 2 · 5 −18 c (2, 2, 1)
a c b (1,−2, 2)

h = 1 2 · 1 · 1 −2 c

(1, 0, 1)

d

d

d

d

d h(d)
d 1 ≤ h(d) < ∞

d (a1, b1, c1) d



a1 �= 0 c1 �= 0
d (a, b, c)

|b| ≤ |a| ≤ |c|.

d > 0 4ac < 4ac + d = b
2 ≤ |ac|

4ac < |ac| ac ac < 0 ac �= 0
4a2 ≤ 4|ac| = −4ac = d− b

2 ≤ d

|a| ≤

√
d
2

|b| ≤ |a| ≤

√
d

2
.

d (a, b, c)

a b |b| ≤

√
d
2

|a| ≤

√
d
2 c = b2−d

4a c

d

h(d)
d < 0

|b| ≤ a ≤ c a > 0 c > 0
d (a, b, c) 4a2 ≤ 4ac = −d + b

2 = |d| + b
2 ≤

|d|+ a
2

|b| ≤ a ≤

�
|d|

3
.

a b c

h(d) �

√
d
2

√
d
2 =

�
d
4 <

�
d
3 d

d (a, b, c) |a| ≤

�
|d|
3

d = 0 d = b
2

b ∈ N
8 9 61 62

( 0 1
−1 0 ) (a, b, c) (c,−b, a)

c

d

(a, b, c) |a| ≤

�
|d|
3 (a1, b1, c1)



|c1| ≤

�
|d|
3

h(d)
d < 0

h(d)

d = −39 d = −84

d = −39
Z4 d = −84

4 Z2×Z2



d

−100 < d < 0

−d

3 1 (1, 1, 1)
4 1 (1, 0, 1)
7 1 (1, 1, 2)
8 1 (1, 0, 2)
11 1 (1, 1, 3)
15 2 (1, 1, 4), (2, 1, 2)
19 1 (1, 1, 5)
20 2 (1, 0, 5), (2, 2, 3)
23 3 (1, 1, 6), (2, 1, 3), (2,−1, 3)
24 2 (1, 0, 6), (2, 0, 3)
31 3 (1, 1, 8), (2, 1, 4), (2,−1, 4)
35 2 (1, 1, 9), (3, 1, 3)
39 4 (1, 1, 10), (2, 1, 5), (2,−1, 5), (3, 3, 4)
40 2 (1, 0, 10), (2, 0, 5)
43 1 (1, 1, 11)
47 5 (1, 1, 12), (2, 1, 6), (2,−1, 6), (3, 1, 4), (3,−1, 4)
51 2 (1, 1, 13), (3, 3, 5)
52 2 (1, 0, 13), (2, 2, 7)
55 4 (1, 1, 14), (2, 1, 7), (2,−1, 7), (4, 3, 4)
56 4 (1, 0, 14), (2, 0, 7), (3, 2, 5), (3,−2, 5)
59 3 (1, 1, 15), (3, 1, 5), (3,−1, 5)
67 1 (1, 1, 17)
68 4 (1, 0, 17), (2, 2, 9), (3, 2, 6), (3,−2, 6)
71 7 (1, 1, 18), (2, 1, 9), (2,−1, 9), (3, 1, 6), (3,−1, 6), (4, 3, 5), (4,−3, 5)
79 5 (1, 1, 20), (2, 1, 10), (2,−1, 10), (4, 1, 5), (4,−1, 5)
83 3 (1, 1, 21), (3, 1, 7), (3,−1, 7)
84 4 (1, 0, 21), (2, 2, 11), (3, 0, 7), (5, 4, 5)
87 6 (1, 1, 22), (2, 1, 11), (2,−1, 11), (3, 3, 8), (4, 3, 6), (4,−3, 6)
88 2 (1, 0, 22), (2, 0, 11)
91 2 (1, 1, 23), (5, 3, 5)
95 8 (1, 1, 24), (2, 1, 12), (2,−1, 12), (3, 1, 8), (3,−1, 8), (4, 1, 6), (4,−1, 6), (5, 5, 6)

h(d)
d

h(d) d < 0



h(d)

d

−p p > 3 p ≡ 3 (mod 4)
p > 3 p ≡ 3 (mod 4)

h(−p) (B − A)/p A

p B p

h(−p) =
−1

p

p−1�

n=1

�
n

p

�
n.

p = 31 31 1, 2, 4, 5, 7, 8, 9, 10,
14, 16, 18, 19, 20, 25, 28 A = 186

31 B = 279 h(−31) = (279− 186)/31 = 3

h(d) d < 0

d

Tn = ( 0 −1
1 n ) ∈ SL2(Z),

n

(a, b, c) d = b
2 − 4ac (a �

, b
�
, c

�)



a
� = c,

b
� = −b+ 2cn,

c
� = a− bn+ cn

2
,

(b �)2 − 4a �
c
� = d (a, b, c) Tn n

n >
b+

√
d

2c
> n− 1

c �= 0 d = b
2 − 4ac

(a �
, b

�
, c

�)

(a, b, c) a > 0, c > 0,
b > a+ c

(1, 10, 10) 60 10+
√
60

2·10 ≈

.887 1 > .887 > 0 n = 1 T1 = ( 0 −1
1 1 ) (1, 10, 10) (10, 10, 1)

10+
√
60

2·1 ≈ 8.873 9 > 8.873 > 8 n = 9
T9 = ( 0 −1

1 9 ) (10, 10, 1) (1, 8, 1)
(1, 8, 1) 60

T1 · T9 = ( −1 −9
1 8 ) (1, 10, 10)

(1, 8, 1)

d > 0
d

d

(a, b, c) d > 0

b+
√
d

2c
= n− θ

θ 0 < θ < 1
b+

√
d = 2cn− 2c θ

− b+ 2cn =
√
d+ 2c θ.

Tn (a, b, c) (a �
, b

�
, c

�)

a
� = c,



b
� = −b+ 2cn =

√
d+ 2c θ

c
� = a− bn+ cn

2
.

n
2 =

�
b+

√
d

2c

�2

+
(b+

√
d)θ

c
+ θ

2
,

n
2 =

b
2 + 2b

√
d+ d

4c2
+

(b+
√
d)θ

c
+ θ

2
.

c
� = a− b

�
b+

√
d

2c

�
− b θ +

b
2 + 2b

√
d+ d

4c
+ (b+

√
d)θ + c θ

2
,

c
� = c θ

2 + θ

√
d

4ac− 2b2 − 2b
√
d+ b

2 + 2b
√
d+ d

4c
= 0.

c > 0 c
�
> 0 0 < θ

2
< 1

c < 0 0 > c θ
2
> c c

�
> c θ

2
c
�
> c c < 0

c c
�

c

a
� = c

a a

c c
�
< c

c

c
� ≥ c

0 ≤ c
�
− c = c θ

2 + θ

√
d− c

= θ

√
d− c (1− θ

2)

< (1 + θ)(
√
d− c (1− θ))

=
1 + θ

1− θ

�√
d(1− θ)− c (1− θ)2

�
.

√
d − θ

√
d − c + 2c θ − c θ

2
√
d+2c θ− (c θ2 + θ

√
d)− c b

� − c
� − a

�

(1 + θ)/(1 − θ) > 0 0 <

b
�− c

�−a
� (a, b, c)



d Tn

Tn

det(Tn) = 1
d

(a, b, c) k = b− 2a d− k
2 = b

2 − 4ac− (b− 2a)2 =
−4ac+ 4ab− 4a2

d− k
2 = 4a(b− a− c) > 0

a > 0 b > a + c k
2
< d d > 0

|k| <
√
d.

4ac = 4ab− 4a2 − (d− k
2)

c = k + a−
d− k

2

4a

b− a = k + a 4a | (d− k
2)

a |
d−k2

4 a > 0 c > 0 d = b
2 − 4ac < b

2
√
d < b

b > 0 b = k + 2a
√
d− k

2
< a 0 <

√
d− k

d�
a, k + 2a, k + a−

d−k2

4a

�
|k| <

√
d k

2 ≡ d (mod 4)

a |
d−k2

4

√
d−k
2 < a a k

d

�

d = 60�
a, k + 2a, k + a−

d−k2

4a

�

√
60 ≈ 7.746 k |k| <

√
60 k

2 ≡ 60 (mod 4)
k 0,±2,±4,±6

a a
60−k2

4 a

√
60−k
2 k = 0

a 15 a >

√
60−0
2 ≈ 3.873

a = 5 a = 15 (5, 10, 2) (15, 30, 14)
k

(k, a)
(2, 7) → (7, 16, 7), (2, 14) → (14, 30, 15), (−2, 7) → (7, 12, 3), (−2, 14) →

(14, 26, 11), (4, 11) → (11, 26, 14), (−4, 11) → (11, 18, 6), (6, 1) → (1, 8, 1), (6, 2) →



(2, 10, 5), (6, 3) → (3, 12, 7), (6, 6) → (6, 18, 11) k = −6

a >

√
60−(−6)

2 ≈ 6.873 6
d = 60 60

Tn

d = 60
(1, 8, 1)
(2, 10, 5) (5, 10, 2)

(7, 16, 7) (7, 12, 3)
(3, 12, 7) (7, 16, 7)

6
(11, 26, 14) → (14, 30, 15) → (15, 30, 14) → (14, 26, 11) → (11, 18, 6) → (6, 18, 11) ←�

T2,T2,T2,T2,T3,T2

(11, 26, 14)

h(d) d

h(60) = 4

|d|

9
1

−3,−4,−7,−8,−11,−19,−43,−67, −163 8
h(d) = 1

d



G1, G2, · · · , Gn

�1, �2, · · · , �n G1 G2

G1 × G2

{(g1, g2) | g1 ∈ G1, g2 ∈ G2} �

(g1, g2), (g�1, g
�
2) ∈ G1 ×G2

(g1, g2) � (g
�
1, g

�
2) = (g1 �1 g

�
1, g2 �2 g

�
2).

G1 × G2 G1 × G2 × · · · × Gn

n > 2 n

1 ≤ i ≤ n �i i

Gi G1 ×G2 × · · · ×Gn

|G1||G2| · · · |Gn| Gi

G1 × G2 × · · · × Gn

|G| > 1 Zn1 × Zn2 × · · · × Zns

s, n1, n2, . . . , ns ∈ N nj ≥ 2 j ni+1 | ni 1 ≤ i ≤ s − 1
G

n1, n2, . . . , ns G

G

G

|G| = n1n2 · · ·ns

n1, n2, . . . , ns

G G (n1, n2, . . . , ns) s

G

G 1 G Zn1 G

H

H (108, 12, 2)
H ∼= Z108×Z12×Z2 H |H| = 2592 108·12·2 = 2592

s ∈ N n1, n2, . . . , ns



nj ≥ 2 j ∈ {1, 2, . . . , s} ni+1 | ni, 1 ≤ i ≤ s − 1
n1n2 · · ·ns = n

|G| = n = n1n2 · · ·ns n

ni ni+1 | ni 1 ≤ i ≤ s − 1
n n1

n1 n

n1 | n n n | n1

n1 = n

n n1 = n n

Zn

n = 2592 = 25 · 34 = 6 · 24 · 33 (2 · 3) | n1

(4 + 1)(3 + 1) = 20 n1

ni

(6, 6, 6, 6, 2) (12, 12, 6, 3) (12, 6, 6, 6)
(18, 18, 2, 2, 2) (18, 6, 6, 2, 2) (24, 12, 3, 3) (24, 6, 6, 3) (36, 36, 2) (36, 18, 2, 2)
(36, 12, 6) (36, 6, 6, 2) (48, 6, 3, 3) (54, 6, 2, 2, 2) (72, 36) (72, 18, 2) (72, 12, 3)
(72, 6, 6) (96, 3, 3, 3) (108, 12, 2) (108, 6, 2, 2) (144, 18) (144, 6, 3) (162, 2, 2, 2, 2)
(216, 12) (216, 6, 2) (288, 9) (288, 3, 3) (324, 4, 2) (324, 2, 2, 2) (432, 6) (648, 4)
(648, 2, 2) (864, 3) (1296, 2) (2592)

n > 1 n =
p
α1
1 p

α2
2 · · · p

αk
k n

G ∼= A1 × A2 × · · · × Ak |Ai| = p
αi
i

Ai ∈ {A1, A2, . . . , Ak} |Ai| = p
αi
i

Ai
∼= Z

p
βi,1
i

× Z
p
βi,2
i

× · · · × Z
p
βi,ti
i

βi,1 ≥ βi,2 ≥ · · · ≥ βi,ti ≥ 1 βi,1 + βi,2 + · · ·+ βi,ti = αi

(1) (2)

p
βi,j

i

G G

G



n = 2592 = 25 · 34

βi,j pi

αi

αi αi

[5] [4, 1] [3, 2] [3, 1, 1] [2, 2, 1] [2, 1, 1, 1] [1, 1, 1, 1, 1]
[4] [3, 1] [2, 2] [2, 1, 1] [1, 1, 1, 1]

7 · 5 = 35

[3, 2]
[3, 1] Z23 × Z22 × Z33 × Z31 = Z8 × Z4 × Z27 × Z3

2 3

p G p
α
m

p � m p
α

p G

n p
αi
i

m Ai pi G

G p p | |G|

G p

Ai

pi t = ti pi

G p p | |G| A

p G p G A

p � |G| p G

p
γkl
l

γkl = 0 nk Zp
γkl
l

H

2592 = 25 · 34

H ∼= Z108 × Z12 × Z2 108 = 22 · 33 12 = 22 · 3
Z108

∼= Z4 × Z27 Z12
∼= Z4 × Z3 H ∼= Z4 × Z27 × Z4 × Z3 × Z2

H



Z4×Z4×Z2 H

Z27 × Z3 H

H (108, 12, 2)

r

d

t r = t − 1

p

p > 2 p = 2



2592 = 25 · 34

(6, 6, 6, 6, 2)
(12, 12, 6, 3)
(12, 6, 6, 6)

(18, 18, 2, 2, 2)
(18, 6, 6, 2, 2)
(24, 12, 3, 3)
(24, 6, 6, 3)
(36, 36, 2)
(36, 18, 2, 2)
(36, 12, 6)
(36, 6, 6, 2)
(48, 6, 3, 3)
(54, 6, 2, 2, 2)

(72, 36)
(72, 18, 2)
(72, 12, 3)
(72, 6, 6)
(96, 3, 3, 3)
(108, 12, 2)
(108, 6, 2, 2)
(144, 18)
(144, 6, 3)

(162, 2, 2, 2, 2)
(216, 12)
(216, 6, 2)
(288, 9)
(288, 3, 3)
(324, 4, 2)
(324, 2, 2, 2)
(432, 6)
(648, 4)
(648, 2, 2)
(864, 3)
(1296, 2)
(2592)



F =
(a, b, c)

F = (a, b, c) d

( r s
t u ) F F ( r s

t u ) =
F ( r s

t u ) F

F Aut(F )

Aut(F ) F

SL2(Z) Aut(F )
Aut(F ) SL2(Z)

Aut(F )
d

( 1 0
0 1 )

� −1 0
0 −1

�

F

(a, b, c) a, b

c d

t
2
− du

2 = 4,

d

(t, u)

(t, u) = (±2, 0)
d d < −4 d = −4

(t, u) = (0,±1) d = −3
(t, u) = (±1,±1)

d > 0

(t1, u1) (t2, u2) ( )

t1 + u1

√
d

2
·
t2 + u2

√
d

2
=

t+ u
√
d

2
(t, u ∈ Q),



t u (t, u) ( )

t u t = (t1t2 + du1u2)/2 u =
(t1u2+t2u1)/2

(t1, u1) ◦ (t2, u2) :=
�
t1t2 + du1u2

2
,
t1u2 + t2u1

2

�
.

(2, 0) e

(t1,−u1) (t1, u1)

d > 0

( ) u

t > 0 u > 0

d > 0

(t1, u1) ( ) u1

t1 > 0 u1 = u2

t
2
1 = t

2
2 = du

2
1 + 4 v = (t1, u1) (

( )) (t, u) ( )
v
a
0 ◦ v

n
v0 = (−2, 0)

a ∈ {0, 1} n ∈ Z (t, u)

a n

d > 0 Z2 × Z

F = (a, b, c)
d

�
t−bu
2 −cu

au
t+bu
2

�
,

(t, u) t
2 − du

2 = 4

ψ P (d)
(t, u) Aut(F )

ψ((t, u)) =
� t−bu

2 −cu

au t+bu
2

�
ψ

ψ P (d)



d > 0
ψ

Aut(F ) F d > 0 Aut(F ) ∼= Z2 ×Z
d < −4 Aut(F ) = {( 1 0

0 1 ) ,
� −1 0

0 −1

�
} (±2, 0)

t
2 − du

2 = 4
Aut(F ) ∼= Z2

d > 0
d < 0

d = −4 (0, 1)
Aut(F ) ∼= Z4 F −4
G = �g� G g ∈ G

G F = (a, b, c) −4 Aut(F ) = �

�
−b/2 −c
a b/2

�
�

Aut(F ) ∼= Z6

F −3

F

d Aut(F ) ⊂ SL2(Z) F

d < −4 Aut(F ) ∼= Z2 d = −4 Aut(F ) ∼= Z4 d = −3
Aut(F ) ∼= Z6 d > 0 Aut(F ) ∼= Z2 × Z

Aut(F ) F

d > 0

t
2−du

2 = 4
(11, 26, 14)

60 6 F = (11, 26, 14)
T2,T2,T2,T2,T3,T2

(11, 26, 14)
T2 · T2 · T2 · T2 · T3 · T2 = ( −9 −14

11 17 )
(11, 26, 14) F

t = 8 u = 1
t
2 − 60u2 = 4 u = 1 (8, 1)

t
2− 60u2 = 4
F = (a, b, c) d > 0

Tn F

v = (t1, u1)
v ◦ v



v

4 + 60u2
u = 1 82

u = 1, 2, 3, . . .
t
2 − du

2 = 4

d t
2 − 376u2 = 4 (4286590, 221064)



( r s
t u ) ∈ SL2(Z)

ru − st = 1
ru − st = ±1

SL2(Z)

(a, b, c)

a c

F1 = (a1, b1, c1) F2 = (a2, b2, c2)
d

b1 = b2,

a2 | c1 a1 | c2

gcd(a1, a2) = 1

b
2
1 − 4a1c1 = d = b

2
2 − 4a2c2 b1 = b2

a1c1 = a2c2 a1 | a2c2 a2 | a1c1 gcd(a1, a2) = 1
a1 | c2 a2 | c1

F1 = (a1, b1, c1) F2 = (a2, b2, c2)
a1c1 = a2c2 a2 | c1 a2c = c1 c ∈ Z

a1a2c = a2c2 a1c = c2 F1 F2

F1 = (a1, b, a2c) F2 = (a2, b, a1c) c

b = b1 = b2

∗



C1 C2

F1 ∈ C1 F2 ∈ C2

C1 ∗ C2

C3 F1 ∗ F2

C3

F1 F2 C1 C2

F1 ∗F2 F1 = (a1, b, a2c)
F2 = (a2, b, a1c) ( ) (a1a2, b, c)

F1 = (a1, b, a2c) F2 = (a2, b, a1c)
F2 F1

F1 ∗ F2 = (a1a2, b, c) = F2 ∗ F1

(a1a2, b, c)
b
2 − 4a1a2c = b

2 − 4a1c1 = d

m1 = x
2
1 + y

2
1 m2 = x

2
2 + y

2
2 m1 · m2 = X

2 + Y
2

X = x1x2 − y1y2

Y = x1y2 + x2y1

x
2+y

2

F1(x, y) = a1x
2 + bxy + a2cy

2
F2(x, y) = a2x

2 + bxy + a1cy
2

m1 = F1(x1, y1) m2 = F2(x2, y2)

m1 ·m2 = F1(x1, y1) · F2(x2, y2) = a1a2X
2 + bXY + cY

2
,

X = x1x2 − cy1y2 Y = a1x1y2 + a2x2y1 + by1y2

a1 = 1 = a2 b = 0 c = 1

F1(x, y) = a1x
2 + bxy + a2cy

2
F2(x, y) = a2x

2 + bxy + a1cy
2

m1,m2 F1 F2

m1 ·m2 F1 ∗ F2

F1 ∗F2

�



F (x, y)

x y

C1 C2 F1 ∈ C1 F2 ∈ C2

F = (a, b, c) d n

F m

n

p1, . . . , ps a, c, n

P =
�s

i=1 pi s = 0 P = 1
Q,R S q1, . . . , qt a

n c Q =
�t

i=1 qi r1, . . . , ru

c n a R =
�u

i=1 ri s1, . . . , sv

n a c

n gcd(Q,RS) = 1
m = aQ

2+bQ(RS)+c(RS)2 n

m F m �= 0 pi s = 0
aQ

2

c(RS)2 bQ(RS)
Q,R, S b F

pi � m qi

qi � m ri si

ri � m si � m n

gcd(m,n) = 1 m �= 0 |n| > 1
l n l � m

m = 0 l | m n = ±1
P = Q = R = S = 1 m = a+ b+ c n

m = a �= 0
F (x, y) x = 1 y = 0 gcd(m,n) = 1 �

F = (a, b, c) d

a c d a, b ∈ Z
c = (b2−d)/4a F = (a, b, •) c



C1 C2

d n F1 =
(a1, b, •) ∈ C1 F2 = (a2, b, •) ∈ C2 gcd(a1, a2) = 1 gcd(a1a2, n) = 1

F C1 F

a1

F gcd(a1, n) = 1 F

G1 = (a1, b1, •) ∈ C1 b1 ∈ Z
G2 = (a2, b2, •) ∈ C2 gcd(a2, a1n) = 1

gcd(a1, a2) = 1 gcd(a2, n) = 1
e = (b2 − b1)/2 ∈ Z b1 b2

d gcd(a1, a2) = 1 s1 s2

a1s1− a2s2 = 1 a1s1e− a2s2e = e n1 = s1e n2 = s2e

b1+2a1n1 = b2+2a2n2 b = b1+2a1n1

( 1 h
0 1 ) (a, b1, •) (a, b, •)

b = b1 + 2ah F1 = G1 ( 1 n1
0 1 ) F2 = G2 ( 1 n2

0 1 ) F1 = (a1, b, •) ∈ C1

F2 = (a2, b, •) ∈ C2 gcd(a1, a2) = 1
F1 F2 gcd(a1, n) = 1 gcd(a2, n) = 1
gcd(a1a2, n) = 1 �

G1 = (a1, b1, c1) ∈ C1 G2 = (a2, b2, c2) ∈ C2 gcd(a1, a2) = 1

n1 n2 a1n1 − a2n2 = (b2 −
b1)/2 ( 1 n1

0 1 ) ( 1 n2
0 1 )

F1 = (a1, b, •) ∈ C1 F2 = (a2, b, •) ∈
C2 b = b1 + 2a1n1 = b2 + 2a2n2 F3 = F1 ∗ F2 = (a1a2, b, •)

F3 ∈ C3 C3 = C1 ∗ C2

gcd(a1, a2) > 1
(r, t) (x, y) G1(x, y) (r, t)

gcd(a�1 = G1(r, t), a2) = 1
s, u ∈ Z ru − st = 1

G
�
1 = G1 (

r s
t u ) = (a�1, b

�
1, •) b

�
1 = 2a1rs + b1(ru + st) + 2c1tu

G
�
1 ∈ C1 gcd(a�1, a2) = 1 G

�
1 G2

F3 ∈ C3



C1 C2

d F1 = (a1, b, a2c) ∈ C1 F2 = (a2, b, a1c) ∈ C2

( ) G1 = (a�1, b
�
, a

�
2c

�) ∈
C1 G2 = (a�2, b

�
, a

�
1c

�) ∈ C2 F1 ∗F2 ∼ G1 ∗G2

F1 = G1 gcd(a1, a�2) = 1
b = b

�
F1 G2

F1 ∗ F2 ∼ F1 ∗ G2 F2 ∼ G2

D = ( r s
t u ) ∈ SL2(Z) F2D = G2

�
a2 b/2
b/2 a1c

�
D = (DT )−1

�
a
�
2 b/2

b/2 a
�
1c

�

�
,

F2(r, t) = a2r
2 + brt+ a1ct

2 = a
�
2,

2a2rs+ b(ru+ st) + 2a1ctu = b.

(DT )−1 = ( u −t
−s r )

−ta1c = sa
�
2 a1 | s gcd(a1, a�2) =

1 s = a1v v ∈ Z D
� = ( r v

ta1 u )
D

� ∈ SL2(Z) ru − ta1v = ru − st = 1 F1 ∗ F2 = (a1a2, b, c)
F1 ∗ G2 = (a1a�2, b, •) (F1 ∗ F2)D� = F1 ∗ G2

(F1 ∗ F2)(r, ta1) = a1a2r
2 + brta1 + c(ta1)2 = a1a

�
2

2a1a2rv + b(ru+ ta1v) + 2cta1u = b

b = b
� gcd(a1, a�2) = 1

F1 G2

F1 ∗ F2 ∼ F1 ∗ G2 = G2 ∗ F1 ∼ G2 ∗ G1 = G1 ∗ G2

gcd(a1a2, a�1a
�
2) = 1

B, n,

n
�

b+2a1a2n = b
�+2a�1a

�
2n

� = B gcd(a1a2, a�1a
�
2) = 1

K1 := F1

�
1 a2n

0 1

�
= (a1, B, e1) ∈ C1,



K2 := F2

�
1 a1n

0 1

�
= (a2, B, e2) ∈ C2,

e1 e2

H1 := (F1 ∗ F2)

�
1 n

0 1

�
= (a1a2, B, •)

H1 ∼ F1 ∗ F2 H1 d a1a2

(B2 − d)/4 a1a2w = (B2 − d)/4 w ∈ Z
K1 B

2 − 4a1e1 = d a2w = e1

a1w = e2 K1 K2

K1 K2 K1 ∗K2 = H1

L1 := G1

�
1 a

�
2n

�

0 1

�
= (a�1, B, •) ∈ C1

L2 := G2

�
1 a

�
1n

�

0 1

�
= (a�2, B, •) ∈ C2.

H2 := (G1 ∗G2)

�
1 n

�

0 1

�
= (a�1a

�
2, B, •)

H2 ∼ G1 ∗ G2 L1 ∗ L2 = H2 gcd(a1a2, a�1a
�
2) = 1

gcd(a1, a�2) = 1 K1 ∗K2 ∼ L1 ∗ L2

F1 ∗ F2 ∼ H1 = K1 ∗K2 ∼ L1 ∗ L2 = H2 ∼

G1 ∗G2

J1 = (a��1, b
��
, •) ∈ C1 J2 =

(a��2, b
��
, •) ∈ C2 gcd(a��1, a

��
2) = 1 gcd(a��1a

��
2, a1a2a

�
1a

�
2) = 1



gcd(a1a2, a��1a
��
2) = 1 F1 ∗F2 ∼ J1 ∗J2

gcd(a��1a
��
2, a

�
1a

�
2) = 1 J1 ∗ J2 ∼ G1 ∗ G2

F1 ∗ F2 ∼ G1 ∗G2 �

F (x, y) = ax
2 + bxy + cy

2

d F d < 0 n

F m n

d < 0 F F

d F

d < 0
d > 0

F F

(a1, b1, c1) a1 > 0 F

(x1, y1) �= (0, 0) F (x1, y1) = h1 > 0 e1 = gcd(x1, y1)
r, t ∈ Z re1 = x1 te1 = y1 gcd(r, t) = 1
F (x1, y1) = a(re1)2 + b(re1)(te1) + c(te1)2 = h1 e

2
1 · F (r, t) = h1

e
2
1 · a1 = h1 a1

a1 F (x, y) F

(a1, b1, c1) b1, c1 ∈ Z

F (x, y) = ax
2 + bxy + cy

2
a ∈ Z+

n = 1 n > 1 {p1, . . . , pk}

k ≥ 1 n

d pi a, b, c

F pi � a F (xi, yi)
pi xi, yi xi ≡ 1, yi ≡ 0 (mod pi) pi � c
pi � F (xi, yi) xi ≡ 0, yi ≡ 1 (mod pi) pi | a pi | c pi � b
pi � F (xi, yi) xi, yi xi ≡ 1, yi ≡ 1 (mod pi)

(xi, yi) i 1 ≤ i ≤ k

pi pi � F (xi, yi)
x, y x ≡ xi (mod pi) y ≡ yi (mod pi) 1 ≤ i ≤ k

F (x, y) {p1, . . . , pk}

n F (x, y) > 0
F m

n F (x, y) < 0 x

x
�

y



x F (x�
, y) > 0

x
� = x + n · z z ∈ Z x

� ≡ xi (mod pi)
1 ≤ i ≤ k F (x�

, y) n

4aF (x�
, y) = (2ax� + by)2 − dy

2

z

a, b, d, y

a > 0 F (x�
, y) > 0 �

d H(d)
d

H(d)
H(d) d

d F0 = (1, 0,−d
4)

d ≡ 0 (mod 4) F0 = (1, 1, 1−d
4 ) d ≡ 1 (mod 4)

d C0 ∈ H(d) F0

d

d H(d)
h(d) C0

H(d) h(d)

C0 C H(d)
F = (a, b, •) ∈ C b0 b F0

b ≡ d ≡ b0 (mod 2) n b = b0 + 2n
G0 := F0 ( 1 n

0 1 ) = (1, b, •) ∈ C0 G0 F G0 ∗ F

C0 ∗ C G0 ∗ F = (a, b, •) = F C0 ∗ C = C

C0

C H(d) F = (a, b, c) ∈
C G = (c, b, a) d F G

C � ∈ H(d) G F ∗ G C ∗ C �

F ∗ G = (ac, b, 1) (ac, b, 1) ∈
C0 C � C



(ac, b, 1) ∼ (1,−b, ac) −b ≡ b0 (mod 2) n

b0 = −b+ 2n (1,−b, ac) ( 1 n
0 1 ) = (1, b0, •) = F0

C1, C2, C3

H(d)
G3 = (a3, b3, •) ∈ C3 a3

G1 = (a1, b1, •) ∈ C1

G2 = (a2, b2, •) ∈ C2 gcd(a1, a2) = 1 gcd(a1a2, 2a3) = 1
gcd(a1, a3) = gcd(a2, a3) = 1 a1 a2

2, |a1|, |a2|, |a3|

B

B ≡ b0 (mod 2) B ≡ b1 (mod |a1|) B ≡ b2 (mod |a2|) B ≡ b3 (mod |a3|)
b0 ≡ d (mod 2) B b1, b2, b3

2 | (B − b1) a1 | (B − b1) gcd(2, a1) = 1 2a1 | (B − b1)
b1+2a1n1 = B n1 ∈ Z b2+2a2n2 = B b3+2a3n3 = B

n2, n3 ∈ Z Fj := Gj

�
1 nj

0 1

�
= (aj, B, •) ∈ Cj j = 1, 2, 3,

F1, F2, F3 (F1 ∗ F2) ∗ F3 =
(a1a2, B, •)∗(a3, B, •) = ((a1a2)a3, B, •) = (a1(a2a3), B, •) = (a1, B, •)∗(a2a3, B, •) =
F1 ∗ (F2 ∗ F3)

H(d)
�

[a, b, c] (a, b, c)
H(−39) ∼= Z4 [2, 1, 5]

−39

∗ [1, 1, 10] [2, 1, 5] [3, 3, 4] [2,−1, 5]

[1, 1, 10] [1, 1, 10] [2, 1, 5] [3, 3, 4] [2,−1, 5]
[2, 1, 5] [2, 1, 5] [3, 3, 4] [2,−1, 5] [1, 1, 10]
[3, 3, 4] [3, 3, 4] [2,−1, 5] [1, 1, 10] [2, 1, 5]
[2,−1, 5] [2,−1, 5] [1, 1, 10] [2, 1, 5] [3, 3, 4]

4 d = −84 4
C0 = [1, 0, 21]

−84



(2, 2) 2

−84

∗ [1, 0, 21] [2, 2, 11] [3, 0, 7] [5, 4, 5]

[1, 0, 21] [1, 0, 21] [2, 2, 11] [3, 0, 7] [5, 4, 5]
[2, 2, 11] [2, 2, 11] [1, 0, 21] [5, 4, 5] [3, 0, 7]
[3, 0, 7] [3, 0, 7] [5, 4, 5] [1, 0, 21] [2, 2, 11]
[5, 4, 5] [5, 4, 5] [3, 0, 7] [2, 2, 11] [1, 0, 21]

H(−87) = �[2, 1, 11]� ∼= Z6

−87

∗ [1, 1, 22] [2, 1, 11] [4,−3, 6] [3, 3, 8] [4, 3, 6] [2,−1, 11]

[1, 1, 22] [1, 1, 22] [2, 1, 11] [4,−3, 6] [3, 3, 8] [4, 3, 6] [2,−1, 11]
[2, 1, 11] [2, 1, 11] [4,−3, 6] [3, 3, 8] [4, 3, 6] [2,−1, 11] [1, 1, 22]
[4,−3, 6] [4,−3, 6] [3, 3, 8] [4, 3, 6] [2,−1, 11] [1, 1, 22] [2, 1, 11]
[3, 3, 8] [3, 3, 8] [4, 3, 6] [2,−1, 11] [1, 1, 22] [2, 1, 11] [4,−3, 6]
[4, 3, 6] [4, 3, 6] [2,−1, 11] [1, 1, 22] [2, 1, 11] [4,−3, 6] [3, 3, 8]

[2,−1, 11] [2,−1, 11] [1, 1, 22] [2, 1, 11] [4,−3, 6] [3, 3, 8] [4, 3, 6]

h(60) = 4 H(60) ∼= Z2 × Z2

60

∗ [1, 8, 1] [2, 10, 5] [3, 12, 7] [11, 18, 6]

[1, 8, 1] [1, 8, 1] [2, 10, 5] [3, 12, 7] [11, 18, 6]
[2, 10, 5] [2, 10, 5] [1, 8, 1] [11, 18, 6] [3, 12, 7]
[3, 12, 7] [3, 12, 7] [11, 18, 6] [1, 8, 1] [2, 10, 5]
[11, 18, 6] [11, 18, 6] [3, 12, 7] [2, 10, 5] [1, 8, 1]

Z4 × Z2

d = −260 = (−4)(5)(13)
t d 3

2 r H(−260) t− 1 = 2
2 H(−39) H(−84) H(−87) H(60) 1, 2, 1, 2



−260

∗ [1, 0, 65] [5, 0, 13] [2, 2, 33] [3, 2, 22] [3,−2, 22] [6, 2, 11] [6,−2, 11] [9, 8, 9]

[1, 0, 65] [1, 0, 65] [5, 0, 13] [2, 2, 33] [3, 2, 22] [3,−2, 22] [6, 2, 11] [6,−2, 11] [9, 8, 9]
[5, 0, 13] [5, 0, 13] [1, 0, 65] [9, 8, 9] [6,−2, 11] [6, 2, 11] [3,−2, 22] [3, 2, 22] [2, 2, 33]
[2, 2, 33] [2, 2, 33] [9, 8, 9] [1, 0, 65] [6, 2, 11] [6,−2, 11] [3, 2, 22] [3,−2, 22] [5, 0, 13]
[3, 2, 22] [3, 2, 22] [6,−2, 11] [6, 2, 11] [9, 8, 9] [1, 0, 65] [5, 0, 13] [2, 2, 33] [3,−2, 22]
[3,−2, 22] [3,−2, 22] [6, 2, 11] [6,−2, 11] [1, 0, 65] [9, 8, 9] [2, 2, 33] [5, 0, 13] [3, 2, 22]
[6, 2, 11] [6, 2, 11] [3,−2, 22] [3, 2, 22] [5, 0, 13] [2, 2, 33] [9, 8, 9] [1, 0, 65] [6,−2, 11]
[6,−2, 11] [6,−2, 11] [3, 2, 22] [3,−2, 22] [2, 2, 33] [5, 0, 13] [1, 0, 65] [9, 8, 9] [6, 2, 11]
[9, 8, 9] [9, 8, 9] [2, 2, 33] [5, 0, 13] [3,−2, 22] [3, 2, 22] [6,−2, 11] [6, 2, 11] [1, 0, 65]

H(d)

H(d)
H(d) G

a ∈ G a n

a
n

G a

G |a| |a| | |G|

d A(d) H(d)
1 2 H(d)

d

A(d) H(d)

G ϕ : G → G

ϕ(a) = a
2

a ∈ G ϕ

G ϕ(ab) = (ab)2 = abab = a
2
b
2 = ϕ(a) · ϕ(b)

a, b ∈ G

ϕ ker(ϕ)
a ∈ G ϕ(a) = e e

ϕ G ker(ϕ)
G ϕ im(ϕ) G



G/ ker(ϕ)
im(ϕ) G |G/ ker(ϕ)| = |G|/| ker(ϕ)|

G = Up

p p ≥ 3
|G| = p− 1 ϕ : G → G ker(ϕ) = {1,−1} im(ϕ)

Up | im(ϕ)| = (p− 1)/2
im(ϕ) = {a1, . . . , a(p−1)/2} 1 ≤ a1 < · · · < a(p−1)/2 ≤ p − 1

a1, . . . , a(p−1)/2 (p − 1)/2
p

G

p G = �a�

m ≥ 2 ϕ G

e a
m/2

G

2

G ϕ

G T = {a ∈ G | |a| = 1 2} T = ker(ϕ)
T ⊆ ker(ϕ) a ∈ G \ T |a| ≥ 3 a

2 �= e ker(ϕ) ⊆ T

A(d)
H(d) |A(d)|

t d

r H(d) r = t− 1

r = t− 1
F d G =

Aut(F ) Aut(F )
d < 0

Z2 × Z d > 0 ϕ G J = im(ϕ)
J G G

G/J

2 d < 0 4 d > 0

d

g

h e = (2, 0),g = (0, 1),h = (1, 1),v0 = (−2, 0) v = (t1, u1)

d < −4 G ∼= Z2 G ∼= �v0� J = im(ϕ) ∼= {e}



|G/J | = |G|/|J | G J |G/J | = 2/1 = 2
d = −4 G ∼= Z4 G ∼= �g� (= �g3 = (0,−1)�)

J = im(ϕ) ∼= {e,g2}(= {e,v0}) |G/J | = |G|/|J | = 4/2 = 2
d = −3 G ∼= Z6 G ∼= �h� (= �h5 = (1,−1)�) J =

im(ϕ) ∼= {e,h2
,h

4}(= {e, (−1, 1), (−1,−1)}) |G/J | = |G|/|J | = 6/3 = 2
d < 0 G/J 2

d > 0 G ∼= Z2 × Z im(ϕ) ∼= J := {v2n|n ∈ Z}
g1 = e,g2 = v,g3 = v0 g4 = v0◦v g1J = eJ = J g2J = {v2n+1|n ∈ Z}
g3J = {v0 ◦ v

2n|n ∈ Z} g4J = {v0 ◦ v
2n+1|n ∈ Z} ◦

v
j
0 ◦ v

k

Z2 × Z 4
j k v

2
0 = e G/J ∼= {g1J = J,g2J,g3J,g4J}

Z2 × Z G/J

4 d > 0 �

d ϕd

H(d) A(d) = ker(ϕd)
S(d) = im(ϕd) {C2 | C ∈ H(d)} H(d)

( S(d) H(d) H(d) )

d H(d)
2 r |A(d)| = 2r

h(d) = 1 H(d) 2
r = 0 |A(d)| = 2r = 20 = 1 C0

H(d) h(d) H(d) n > 1
H(d)

n = p
α1
1 p

α2
2 · · · p

αk
k

n H(d) ∼=
A1 × A2 × · · · × Ak |Ai| = p

αi
i Ai ∈ {A1, A2, . . . , Ak}

|Ai| = p
αi
i Ai

∼= Z
p
βi,1
i

× Z
p
βi,2
i

× · · · × Z
p
βi,ti
i

βi,1 ≥ βi,2 ≥ · · · ≥ βi,ti ≥ 1

βi,1 + βi,2 + · · · + βi,ti = αi 2 r

r

2 A1
∼= Z2β1,1 ×Z2β1,2 ×· · ·×Z2β1,r r

1 ≤ i ≤ k ei Ai

r = 0 |Ai| 1 ≤ i ≤ k

2 Ai

H(d) 1 2 (e1, e2, . . . , ek)
1 ai ∈ Ai

k ei |A(d)| = 2r = 20 = 1
r H(d) ∼= Z2β1,1 × Z2β1,2 × · · · × Z2β1,r ×A2 × · · · ×Ak



Z2β1,j 1 ≤ j ≤ r 1
2 e

�
j gj 2β1,j−1

Ai 2 ≤ i ≤ k

ei k − 1 (r + k − 1) r

e
�
j gj

2β1,j−1

2r H(d) 1 2 �

r 2 H(d)
H(d)/S(d) Z2 × · · · × Z2 r Z2

S(d) ϕd S(d)
H(d)

H(d)/S(d)

H(d)/A(d) A(d) S(d)
H(d)/A(d) ∼=

S(d) |H(d)/A(d)| = |S(d)| |H(d)/A(d)| = |H(d)|/|A(d)|
|H(d)/S(d)| = |H(d)|/|S(d)| = |A(d)| |A(d)| = 2r

H(d)/S(d) 2r

C ∈ H(d) CS(d) ∈ H(d)/S(d) CS(d) · CS(d) =
C2S(d) C2 ∈ S(d) S(d)

C2S(d) = S(d) CS(d)
H(d)/S(d) CS(d) 2 H(d)/S(d) ∼=

Z2 × · · · × Z2 r Z2

2r 2
2 H(d) 0 H(d)/S(d)

20 = 1 S(d) = H(d) �
H(d)/S(d)

G(d)
G(d)

SL2(Z)

2× 2
±1 GL2(Z)

GL2(Z)
SL2(Z) I2 2× 2

−I2

� −1 0
0 −1

�



F = (a, b, c) D = ( r s
t u ) ∈ GL2(Z)

FD G = (a1, b1, c1) a1, b1, c1 ( )
( ) ( )

FD

D SL2(Z)
G

F

F d D

E GL2(Z)
FD = G G d

F I2 = F

(FD)E = F (DE)

GL2(Z)
d

F d

D ∈ GL2(Z) FD = F det(D) =
−1 D ∈ GL2(Z)

F F

C ∈ H(d)
C ∈ H(d)

=⇒ C ∈ H(d) C 1
2 C2 = C0 C

(a, b, c) ∈ C

H(d) (c, b, a) ∈ C−1 = C (a, b, c) ∼ (c, b, a) E ∈

SL2(Z) (c, b, a) = (a, b, c)E (c, b, a) = (a, b, c) ( 0 1
1 0 ) (a, b, c)E =

(a, b, c) ( 0 1
1 0 ) (a, b, c)E ( 0 1

1 0 ) = (a, b, c) ( 0 1
1 0 ) (

0 1
1 0 ) = (a, b, c)I2 = (a, b, c)

E ( 0 1
1 0 ) GL2(Z) det (E ( 0 1

1 0 )) = det(E) ·det ( 0 1
1 0 ) = 1 ·(−1) = −1

E ( 0 1
1 0 ) (a, b, c) (a, b, c)

⇐= F = (a, b, c) ∈ C C



C2 = C0 (a, b, c)
D (a, b, c)D = (a, b, c) (a, b, c) ( 0 1

1 0 ) =
(c, b, a) (a, b, c)D ( 0 1

1 0 ) = (a, b, c) ( 0 1
1 0 ) = (c, b, a) det (D ( 0 1

1 0 )) =
det(D) · det ( 0 1

1 0 ) = (−1) · (−1) = 1 D ( 0 1
1 0 ) ∈ SL2(Z) (a, b, c) ∼ (c, b, a)

(a, b, c) (c, b, a) C

H(d) C2 = C0 C

(a, b, c) ∈ C �

r H(d) t

d r = t−1

|A(d)| t

F d

F ( 1 0
0 −1 ) = F ( F (a, 0, c) )

F ( 1 1
0 −1 ) = F ( F (a, a, c) )

Ω

Ω GL2(Z)
−1

F0 d

d = 60
(a, 0, c) d = −4ac = 60 ac = −15

(1, 0,−15), (−1, 0, 15), (3, 0,−5), (−3, 0, 5), (5, 0,−3), (−5, 0, 3), (15, 0,−1),
(−15, 0, 1) (a, a, c) d = a

2 − 4ac =
a(a− 4c) = 60 a b

60 (2, 2,−7), (−2,−2, 7),
(6, 6,−1), (−6,−6, 1), (10, 10, 1), (−10,−10,−1), (30, 30, 7), (−30,−30,−7)
60 = 22 · 3 · 5 60 ≡ 12 (mod 16) 23

H(60)
(1, 0,−15), (−15, 0, 1), (−6,−6, 1), (10, 10, 1) ∈ [1, 8, 1]

(−3, 0, 5), (5, 0,−3), (2, 2,−7), (−30,−30,−7) ∈ [2, 10, 5]



(3, 0,−5), (−5, 0, 3), (−2,−2, 7), (30, 30, 7) ∈ [3, 12, 7]
(−1, 0, 15), (15, 0,−1), (6, 6,−1), (−10,−10,−1) ∈ [11, 18, 6]

H(60)

d < 0 d = −84
(a, 0, c) −4ac = −84 ac = 21

(1, 0, 21), (−1, 0,−21), (3, 0, 7), (−3, 0,−7), (7, 0, 3), (−7, 0,−3), (21, 0, 1)
(−21, 0,−1) (a, a, c) a

2 − 4ac = a(a − 4c) = −84
a

(2, 2, 11), (−2,−2,−11), (6, 6, 5), (−6,−6,−5), (14, 14, 5), (−14,−14,−5), (42, 42, 11)
(−42,−42,−11) −84 = −22 ·3·7 −84 ≡ 12 (mod 16)

23

H(−84) (1, 0, 21), (21, 0, 1) ∈ [1, 0, 21]
(2, 2, 11), (42, 42, 11) ∈ [2, 2, 11] (3, 0, 7), (7, 0, 3) ∈ [3, 0, 7]

(6, 6, 5), (14, 14, 5) ∈ [5, 4, 5] a

H(−84)

d

F0

d

t d

d (a, 0, c) (a, a, c)

d ≡ 1 (mod 4) 2t+1 2t+1

d ≡ 12 (mod 16) 2t 2t 2t+1

d ≡ 8 (mod 16) 2t+1 2t+1



d

(a, 0, c) d b 0
d d ≡ 0 (mod 4) b = 0 d

ac = −
d
4 gcd(a, c) = 1 d

4
d r

d
4 a r

2r 2 2r+1
c

a (a, 0, c) 2r+1

d ≡ 12 (mod 16) r = t − 1 d
d
4 2t d ≡ 8
(mod 16) r = t r 2 2t+1

d (a, a, c)
d a a | d d = a

2− 4ac
a d d = ae e ∈ Z c = a2−d

4a =
a2−ae
4a d = ae d ≡ 1 (mod 4) a ≡ e ≡ 1 (mod 4) a ≡ e ≡ 3

(mod 4) c = a−e
4 ∈ Z

a d 2t+1

d t

d d (a, a, c) d

a d

c a = 2a� a
�

d = a
2− 4ac ≡ 12 (mod 16)

a
� 4 | a d = a

2 − 4ac ≡ 0 (mod 32)
d 2(d) ≤ 3

a
�

(a, a, c) d d = a
2 − 4ac ≡ 12

(mod 16)
d ≡ 12 (mod 16) (2a�, 2a�, c)

d c
d
4a� = a

� − 2c a
�

t − 1
d
4 2t �

Y = ( r s
t u ) ∈ GL2(Z) F

d r = −u Y
2 = I2 HYH = Y

H ∈ Aut(F )

Y F ar
2 + brt+



ct
2 = a u

ar
2
u+ brtu+ ct

2
u = au.

ru − st = −1 st = ru + 1 2ars + b(ru + st) + 2ctu = b

2ars + b(ru + ru + 1) + 2ctu = b 2ars + 2bru + 2ctu = 0
ars+ bru+ ctu = 0 t

arst+ brtu+ ct
2
u = 0.

ar
2
u − arst = au a �= 0

r
2
u− rst = u (ru− st)r = u (−1) · r = u r = −u

Y
2 = ( −u s

t u ) (
−u s
t u ) =

�
u2+st 0

0 st+u2

�
st = ru + 1

st = −u
2 + 1 st+ u

2 = 1 I2

H ∈ Aut(F ) Y F

FH = F FY = F

FHY = FY = F det(HY) = −1 det(H) = 1
det(Y) = −1 HY ∈ GL2(Z) HY F

(HY)2 = I2 (HY)(HY) = I2

HYHYY = Y YY = I2 HYH = Y �

C ∈ GL2(Z) C
−1 ( 1 0

0 −1 )C =
( 1 1
0 −1 )

( a b
c d ) ∈ GL2(Z) ( a b

c d )
−1 ( 1 0

0 −1 ) (
a b
c d ) = ( 1 1

0 −1 )
( a b
c d )

1
ad−bc

�
d −b
−c a

�

1
±1

�
d −b
−c a

�
(( 1 0

0 −1 ) (
a b
c d )) =

� ±d ∓b
∓c ±a

� �
a b
−c −d

�
=

�
±(ad+bc) ±2bd

∓2ac ∓(ad+bc)

�
= ( 1 1

0 −1 )

±2bd = 1 b d

�

U ∈ SL2(Z) Ω
U = ± I2

( a b
c d ) ∈ SL2(Z) ( 1 0

0 −1 ) ( a b
c d ) (

1 0
0 −1 ) =�

a −b
c −d

�
( 1 0
0 −1 ) (

a b
c d ) =

�
a b
−c −d

�
b = −b c = −c b = c = 0

| a b
c d | = ad − bc = ad = 1 a = d = 1 a = d = −1

( a b
c d ) = ± ( 1 0

0 1 ) ( a b
c d ) ∈ SL2(Z) ( 1 1

0 −1 )
( a b
c d ) (

1 1
0 −1 ) =

�
a a−b
c c−d

�
( 1 1
0 −1 ) (

a b
c d ) =

�
a+c b+d
−c −d

�
c = −c

c = 0 a − b = b + d a = d

= ±1) −b = b b = 0
( a b
c d ) = ± ( 1 0

0 1 ) �



D ∈ GL2(Z) det(D) = −1 D
2 = I2

U ∈ SL2(Z) U
−1
DU

Ω

Z2
�
a1
a2

�
a1, a2 ∈ Z

Da ∈ Z2
a ∈ Z2

Da

D = ( r s
t u ) w =

�
w1

w2

�
∈ Z2

Dw �= −w

Dw = −w w ∈ Z2
rw1 + sw2 = −w1

tw1 + uw2 = −w2 w1, w2 ∈ Z w =
�
1
0

�
r = −1

t = 0 w =
�
0
1

�
s = 0 u = −1

det
� −1 0

0 −1

�
= 1 −1 w ∈ Z2

Dw �= −w Dw + w Z2

e =
�
e1
e2

�
= Dw+w De = D

2
w+Dw = w+Dw = e D

2 = I2

c = gcd(e1, e2) e =
�
ca1
ca2

�
gcd(a1, a2) = 1 a =

�
a1
a2

�

a Z2
Da = a gcd(a1, a2) = 1

b1, b2 ∈ Z a1b2 − a2b1 = 1 b =
�
b1
b2

�
�
x
y

�
∈ Z2

j1a+ j2b

j1, j2 ∈ Z j1a1 + j2b1 = x j1a2 + j2b2 = y

Db = j1a + j2b j1, j2 ∈ Z D

D
2
b = b = j1(1 + j2)a + j

2
2b j1(1 + j2) = 0 j

2
2 = 1

j2 = 1 j1 = 0 Db = b

Da = a Db = b

D
�
a1 b1
a2 b2

�
=

�
a1 b1
a2 b2

�
(−1)(1) = 1

Db = ja−b j ∈ Z
n ∈ Z j + 2n = 0

j c =
�
c1
c2

�
= na + b =

�
na1+b1
na2+b2

�
U = ( a1 c1

a2 c2 )
U ∈ SL2(Z) Dc Dc = (j+2n)a−c = va−c v = 0

DU = U ( 1 v
0 −1 )

U
−1 �

d

d

H(d)
2 d < 0 4 d > 0

C d F ∈ C

D ∈ GL2(Z)
FD = F det(D) = −1 D

2 = I2



S ∈ SL2(Z) S
−1
DS ∈ Ω FS ∈ C

FS · S−1
DS = (FD)S = FS

d C ∈ H(d)
F ∈ C J = {E2 |

E ∈ Aut(F )} |Aut(F )/J | = 2 d < 0 |Aut(F )/J | = 4 d > 0
C

|Aut(F )/J |
Y F E ∈ Aut(F ) YE

F det(Y) = −1 det(E) = 1
T ∈ SL2(Z) A = T

−1
YET ∈ Ω FT

C S ∈ SL2(Z)
B = S

−1
YES ∈ Ω A = B

A �= B

A = ( 1 1
0 −1 ) B = ( 1 0

0 −1 ) YE =
SBS

−1
A = T

−1(SBS
−1)T = (T−1

S)B(S−1
T)

T
−1
S = (S−1

T)−1
S
−1
T ∈ GL2(Z) S,T ∈ SL2(Z)

SL2(Z) ⊂ GL2(Z) (T−1
S)−1 ·A ·T−1

S = S
−1
YES = B = A

YE = TAT
−1

A(T−1
S) = (T−1

S)A T
−1
S ∈ SL2(Z)

T
−1
S = ±I2 S = ±T

FT = FS ρ Aut(F )
C ρ(E) = FT

ρ G ∈ C

A ∈ Ω GA = G T ∈ SL2(Z)
FT = G E = Y

−1
TAT

−1
ρ(E) = FT = G

ρ J E,H ∈

Aut(F ) T ∈ SL2(Z) A = T
−1
YET ∈ Ω ρ(E) = FT

YE F FY = F FE = F

FYE = F det(YE) = −1
HYEH = YE A = T

−1
HYEHT A = T

−1
HYEHHH

−1
T =

(H−1
T)−1

YEH
2(H−1

T) EH
2 ∈ Aut(F ) H

−1
T ∈ SL2(Z)

ρ(EH2) = FH
−1
T ρ H

−1 ∈ Aut(F )
FH

−1
T = FT ρ(EH2) = ρ(E)

ρ J E,H ∈ Aut(F )
ρ(E) = ρ(H) T,S ∈ SL2(Z) A = T

−1
YET

B = S
−1
YHS A,B ∈ Ω A ρ(E) ρ(E) = FT

FTA = FT(T−1
YET) = FYET = FT YE

F B

ρ(E) = ρ(H) = FS

( 1 0
0 −1 ) ( 1 1

0 −1 )
A = B T

−1
YET = S

−1
YHS



E = Y
−1(TS

−1)YH(ST−1) FT = FS FST
−1 = F

ST
−1 ∈ Aut(F ) Y

2 = I2

Y
−1 = Y F Y

−1 = (ST−1)Y−1(ST−1)
E = (ST−1)Y−1(ST−1)(TS

−1)YH(ST−1) = (ST−1)H(ST−1) Aut(F )
E = H(ST−1)2 (ST−1)2 ∈ J E H

J Aut(F )
ρ Aut(F )/J J

Aut(F ) C

�

t

d |A(d)| = 2t−1

r = t− 1

t d |A(d)|
H(d)

2 d < 0 4
d > 0 2t+1

d d d > 0 2t+1

H(d) 2t+1 4 = 22

2t+1−2 = 2t−1
d < 0

2t+1 2t

H(d)

2t/2 = 2t−1 |A(d)| = 2t−1

H(d) 2
r |A(d)| = 2r 2r = 2t−1

r = t− 1 �



a m

{a+km | k ∈ Z≥0}

ψ : Z+ → C
m (m a b

)

ψ(a)

�
= 0 gcd(a,m) �= 1
�= 0 gcd(a,m) = 1

a ≡ b (mod m) ψ(a) = ψ(b)
ψ(ab) = ψ(a)ψ(b).

m = 2

a

ψ(a) = 1 0 1 0 1 0 1 0

ψ

d ∈ Z
χd : Z+ → {−1, 0, 1}

d χd |d|



m n a, b ∈ Z
a ≡ b (mod m) gcd(a,m) = 1 ( a

m) = ( b
m)

gcd(a,m) = gcd(a, n) = 1 ( a
m)( an) = ( a

mn)
gcd(a,m) = gcd(b,m) = 1 (abm ) = ( a

m)( b
m)

(−1
m ) = (−1)(m−1)/2

( 2
m) = (−1)(m

2−1)/8

m,n ∈ Z

�
m

|n|

��
n

|m|

�
=

�
−(−1)[(m−1)(n−1)]/4

m < 0 n < 0,
(−1)[(m−1)(n−1)]/4

d

χd

−1, 0 χd(1) = 1
χd p χd

χd(3) = 1 χd(7) = −1 χd(21) = χd(3 · 7) :=
χd(3) · χd(7) = (1)(−1) = −1 χd

p ≥ 2

p = 2 : χd(2) = 0 2 | d d ≡ 0 (mod 4)

χd(2) =

�
1 d ≡ 1 (mod 8)

−1 d ≡ 5 (mod 8)

d ≡ (mod 4) d�
2
|d|

�
|d| gcd(2, |d|) = 1

χd(2) =

�
2

|d|

�
= (−1)(|d|

2−1)/8
.



d ≡ 1 (mod 8) |d| ≡

(mod 8) (|d|2−1)
8

d ≡ 1 (mod 8) d ≡ 5 (mod 8) |d| ≡ (mod 8)
(|d|2−1)

8

p χd(p) = 0 p | d

χd(p) =
�

d
p

�
(← Legendre symbol) p � d

a ≥ 2 a =
�t

j=1 pj a

χd(a) =
t�

j=1

χd(pj),

χd Z+

χd 0, 1, −1
χd {−1, 0, 1}

d = 60

χ60(1) = 1
χ60(2) = 0 d

χ60(3) = 0 3 | 60
χ60(4) = χ60(2) · χ60(2) = 0 χd(a) = 0 a ∈ Z+)
χ60(5) = 0 5 | 60
χ60(6) = 0
χ60(7) = 1 60 ≡ 4 (mod 7)

�
4
7

�
= 1

χ60(8) = 0
χ60(9) = χ60(3) · χ60(3) = 0
χ60(10) = 0
χ60(11) = 1 60 ≡ 5 (mod 11)

�
5
11

�
= 1

χ60(12) = 0
χ60(13) = −1 60 ≡ 8 (mod 13)

�
8
13

�
= −1

a ≥ 2 gcd(a, d) �= 1
p ≥ 2 p | a p | d χd(a) = 0 a ≥ 1

(a, d) = 1 χd(a) = 1 −1



χd : Z+ → {−1, 0, 1} (a)
|d| ( gcd(a, d) = gcd(a, |d|)

a ∈ Z+)
�
d
1

�
1 χd(1) = 1

χd(1) =
�
d
1

�
χd(a)�

d
a

�
a > 1 (a, d) = 1

a =
t�

j=1

pj pj d
�
d
a

�

�
d

a

�
=

t�

j=1

�
d

pj

�

a pj

pj pj � d j = 1, . . . , t χd(pj) =
�

d
pj

�

j = 1, . . . , t

χd(a) =

�
d

a

�

a ≥ 1 gcd(a, d) = 1

a, b ∈ Z+

χd(ab) = χd(a)χd(b),

χd

|d|

a b = 1 a, b ≥ 2

a =
t�

j=1

pj b =
r�

k=1

qk

χd(ab) = χd(
t�

j=1

pj

r�

k=1

qk) =
t�

j=1

χd(pj) ·
r�

k=1

χd(qk) = χd(a)χd(b). �



m = |d| ≥ 3

a ∈ Z+ gcd(a, d) = 1
d

χd(a) =
�
a

m

�
(← Jacobi symbol);

d 2 d c d = 2cu u

v = |u|

χd(a) =

�
2

a

�c

(−1)
(u−1)

2 · (a−1)
2

�
a

v

�

( a d gcd(a, d) = 1
)

χd

m

a, b ∈ Z+
a ≡ b (mod m)

χd(a) = χd(b).

gcd(a, d) = gcd(a,m) > 1 gcd(b, d) > 1 a ≡ b (mod m) χd(a) =
0 = χd(b)

(a, d) = (a,m) = 1 (b, d) = 1 a ≡ b (mod m)
χd(a) χd(b) −1

d d ≡ 1 (mod 4) χd(a) =
�

a
m

�
=

�
b
m

�
=

χd(b)

d d ≡ 0 (mod 4)

χd(a) =
�
2
a

�c
(−1)

(u−1)
2 · (a−1)

2

�
a
v

�
χd(b) =

�
2
b

�c
(−1)

(u−1)
2 · (b−1)

2

�
b
v

�

(a, v) = (b, v) = 1 a ≡ b (mod v) v |m�
a
v

�
=

�
b
v

�

(−1)
(u−1)

2 · (a−1)
2 = (−1)

(u−1)
2 · (b−1)

2 a b

d
(a−1)

2



a ≡ 1 (mod 4) (a−1)
2 a ≡ 3 (mod 4)

a ≡ b (mod 4) d ≡ 0 (mod 4) c = 2
c

d 4 |m a ≡ b (mod m)
a ≡ b (mod 4)

c = 2
�
2
a

�c
= 1 =

�
2
b

�c
�
2
a

�c
=

�
2
b

�c
c = 3

c = 3 8 |m a ≡ b (mod 8) a b

�
2
a

� �
2
b

�

�

d d ≡ 1 (mod 4)

a a = 2lw l ≥ 0 w

χd(a) = χd(2
l
w) = [χd(2)]

l
· χd(w) =

�
2

m

�l

· χd(w),

χd(a) =
�

2
m

�l
·
�
d
w

�
w ≥ 1

gcd(w, d) = 1
�
d

w

�
·

�
w

m

�
=

�
d

w

�
·

�
w

|d|

�
= (−1)

(d−1)
2 · (w−1)

2 w > 0.

1 (d−1)
2 d ≡ 1

(mod 4)
�
d
w

�
·
�
w
m

�
= 1

�
d
w

�
= 1 =

�
w
m

� �
d
w

�
= −1 =

�
w
m

�
�
d
w

�
=

�
w
m

�

χd(a) =

�
2

m

�l �
w

m

�
=

�
2lw

m

�
=

�
a

m

�
,

d d ≡ 0 (mod 4) a ∈ Z+

(a, d) = (a,m) = 1

χd(a) =

�
d

a

�
=

�
2cu

a

�
=

�
2

a

�c �
u

a

�
,



�
u

a

��
a

v

�
=

�
u

a

��
a

|u|

�
= (−1)

(u−1)
2 · (a−1)

2 a > 0.

�
a
v

�
·
�
a
v

�
= 1

�
a
v

�
= 1

�
a
v

�
= −1�

a
v

�

χd(a) =

�
2

a

�c

(−1)
(u−1)

2 · (a−1)
2

�
a

v

�
,

�

d

χd m = |d|

�
χd m = |d|

a ∈ Z+

χd(a) = −1.

d d

m = |d| ≥ 3 p

m = pg p � g g ∈ Z+
g s

1 ≤ s ≤ p − 1 s p�
s
p

�
= −1

(p, g) = 1 a

a ≡ s (mod p) a ≡ 1
(mod g) a p g m

χd(a) =
�
a

m

�
=

�
a

p

��
a

g

�
=

�
s

p

��
1

g

�
= (−1)(1) = −1,

d c = 3
m = |d| = 8|u| = 8v



(8, v) = 1 a

a ≡ 5 (mod 8) ← ( a ),

a ≡ 1 (mod v).

a v m

χd(a) =
�
2
a

�3
(−1)

(u−1)
2 · (a−1)

2

�
a
v

�
�
2
a

�
= −1 a ≡ 1 (mod 4) (a−1)

2 (−1)
(u−1)

2 · (a−1)
2 = 1�

a
v

�
=

�
1
v

�
= 1 a ∈ Z+

χd(a) = −1
d c = 2 d = 4u u

u u ≡ 3 (mod 4) (4, v) = 1
v = |u|

a

a ≡ 3 (mod 4) ← ( a ),

a ≡ 1 (mod v).

a v m = 4v

χd(a) =
�
2
a

�2
(−1)

(u−1)
2 · (a−1)

2

�
a
v

�
u ≡ a ≡ 3

(mod 4) (u−1)
2

(a−1)
2 (−1)

(u−1)
2 · (a−1)

2 = −1�
a
v

�
=

�
1
v

�
= 1 a ∈ Z+

χd(a) = −1
�

χd d

2 −4 −8
8

q dq = (−1)(q−1)/2
q ≡ 1 (mod 4)

d d

−4
d = 60

60 = (−4)(−3) · 5



q ≡ 1 (mod 4) d = q > 0

χq(a) =
�

a
q

�
← ( ) a ∈ Z+ gcd(a, q) = 1 (

χq(a) = 0 a ∈ Z+
q | a)

�
1
q

�
= 1 χq(1) = 1 =

�
1
q

�
q ≡ 1 (mod 8) q ≡ 5

(mod 8)
�
2

q

�
=

�
1 q ≡ 1 (mod 8)

−1 q ≡ 5 (mod 8)

χq(2) =
�

2
q

�
p

p �= q χq(p) =
�

q
p

� �
q
p

�
=

�
p
q

�

q ≡ 1 (mod 4) χq(p) =
�

p
q

�

a = 1 a

q a ≥ 2 gcd(a, q) = 1 a =
t�

j=1

pj

a χq(a) =
t�

j=1

χq(pj) =
t�

j=1

�
pj

q

� �
a
q

�

�

q ≡ 3 (mod 4) d = −q < 0

χ−q(a) =
�

a
q

�
← ( ) a ∈ Z+ gcd(a, q) = 1 (

χ−q(a) = 0 a ∈ Z+
q | a)

χ−q(1) = 1 =
�

1
q

�

�
2

q

�
=

�
−1 q ≡ 3 (mod 8) ← d ≡ 5 (mod 8)
1 q ≡ 7 (mod 8) ← d ≡ 1 (mod 8)

χ−q(2) =
�

2
q

�
p

p �= q χ−q(p) =
�

−q
p

�

�
−q
p

�
=

�
−1
p

��
q
p

�
= 1 ·

�
p
q

�
p ≡ 1 (mod 4)

�
−q
p

�
=

�
−1
p

��
q
p

�
= (−1)(−1)

�
p
q

�
=

�
p
q

�
p ≡ 3 (mod 4) q ≡ 3 (mod 4)

χ−q(p) =
�

p
q

�
a = 1 a



q a

q �

d = −4 χ−4(1) = 1 χ−4(2) = 0 χ−4(3) = −1
χ−4(4) = 0 4

χ−4

χ−4(3) =
�−4

3

�
=

�
2
3

�
= −1

c = 2 u = −1 v = 1 a

χ−4(a) =

�
2

a

�2

· (−1)
−2
2 · (a−1)

2 ·

�
a

1

�
= 1 · (−1)

(a−1)
2 · 1 = (−1)

(a−1)
2 ,

�

d = 8 χ8(1) = 1 χ8(2) = 0 χ8(3) = −1 χ8(4) = 0
χ8(5) = −1 χ8(6) = 0 χ8(7) = 1 χ8(8) = 0 8

χ8

χ8(3) =
�
8
3

�
=

�
2
3

�
= −1 χ8(5) =

�
8
5

�
=

�
3
5

�
= −1

χ8(7) =
�
8
7

�
=

�
1
7

�
= 1 c = 3

u = 1 = v a

χ8(a) =

�
2

a

�3

· (−1)0 ·
�
a

1

�
=

�
2

a

�
=






1 a ≡ 1 (mod 8)
−1 a ≡ 3 (mod 8)
−1 a ≡ 5 (mod 8)
1 a ≡ 7 (mod 8),

�

d = −8 χ−8(1) = 1 χ−8(2) = 0 χ−8(3) = 1 χ−8(4) =
0 χ−8(5) = −1 χ−8(6) = 0 χ−8(7) = −1 χ−8(8) = 0

8

χ−8

χ−8(3) =
�−8

3

�
=

�
1
3

�
= 1 χ−8(5) =

�−8
5

�
=

�
2
5

�
= −1 χ−8(7) =�−8

7

�
=

�
6
7

�
= −1 c = 3 u = −1



v = 1 a

χ−8(a) =

�
2

a

�3

(−1)
−2
2 · (a−1)

2 ·

�
a

1

�
=

�
2

a

�
(−1)

(a−1)
2 =






1 a ≡ 1 (mod 8)
1 a ≡ 3 (mod 8)
−1 a ≡ 5 (mod 8)
−1 a ≡ 7 (mod 8),

�

d 2 d

2cu u = ±1 a

χd(a) =

�
2

a

�c

(−1)
(u−1)

2 · (a−1)
2 ,

�
a
v

�

d

d = d1 · · · dt, t ≥ 1,

dj dj

χd(a) = χd1(a) · · ·χdt(a) a ∈ Z+
.

a ∈ Z+
m = |d| gcd(a,m) > 1

0
gcd(a, dj) > 1 j 1 ≤ j ≤ t

a gcd(a,m) = 1
gcd(a, dj) = 1 j 1 ≤ j ≤ t

d χd(a) =
�

a
m

�

m = |d1 · · · dt| = |d1| · · · |dt|

d�
a
m

�
=

�
a

|d1|

�
· · ·

�
a
|dt|

�

χd1(a) · · ·χdt(a)



d

d ∈ {−8,−4, 8} t = 1 d = d1 χd(a) = χd1(a)
t > 1 dj ∈ {−8,−4, 8}

d1

χd(a) =
�
2
a

�c
(−1)

(u−1)
2 · (a−1)

2

�
a
v

�

d 2cu u v = |u|

χd(a) = χd1(a) ·
�
a
v

�
v = |d/d1|�

a
v

�
=

�
a

|d2|

�
· · ·

�
a
|dt|

�
= χd2(a) · · ·χdt(a)

χd(a) = χd1(a) · · ·χdt(a) �
χd

χd

n ∈ Z \ {−1, 0, 1} a, b ∈ Z a ≡ b (mod n)
n | (a− b) n ≥ 2

n Z (n) := {kn | k ∈ Z}
Z/(n) |n|

Un n ≥ 2
n

Un a+ (n)
a 1 ≤ a < |n| gcd(a, n) = 1
ϕ(|n|) Un a a+ (n)

Un n

n = −84 U−84 =
{1, 5, 11, 13, 17, 19, 23, 25, 29, 31, 37, 41, 43, 47, 53, 55, 59, 61, 65, 67, 71, 73, 79, 83}

U−84 ϕ(| − 84|) = 24
d d

χd

Ud

a ∈ Z+ gcd(a, d) = 1 χd(a) := χd(a)

Ud a = b

a, b ∈ Z+ gcd(a, d) = gcd(b, d) = 1 a ≡ b (mod |d|)
{1,−1}

χ−84 1 1, 5, 11, 17, 19, 23, 25, 31, 37, 41, 55, 71
−1 12 U−84

χd : Ud → {1,−1}
Ud {1,−1}

Z2

χd : Ud → {1,−1}



χd

ker(χd) Ud

d Kd := ker(χd)

Ud/Kd Z2

χd �

d = d1 · · · dt t ≥ 1 d

j 1 ≤ j ≤ t

χdj |dj|

χdj j Ud

d a ∈ Z+ gcd(a, d) = 1 χdj(a) := χdj(a)

a, b ∈ Z+ gcd(a, d) = gcd(b, d) = 1 a = b

a ≡ b (mod |dj|) dj | d j 1 ≤ j ≤ t

χdj Ud {1,−1}
d = −84

−84 = (−3)(−4)(−7)
χ−3 1 1, 13, 19, 25, 31, 37, 43, 55, 61, 67, 73, 79 −1

12 U−84

χ−4 1 1, 5, 13, 17, 25, 29, 37, 41, 53, 61, 65, 73 −1
12 U−84

χ−7 1 1, 11, 23, 25, 29, 37, 43, 53, 65, 67, 71, 79 −1
12 U−84

χd(a) = χd1(a) · · ·χdt(a) a ∈ Ud.

Bd := ∩
t
j=1 ker(χdj),

Bd Ud

B−84 = {1, 25, 37}

t

d Ud/Bd 2t

Z2 × · · · × Z2 t Z2



d = d1 · · · dt d

A Z2 × · · · × Z2

t Z2 Z2 {1,−1}
|A| = 2t a ∈ Z+ gcd(a, d) = 1 ψ : Ud → A

ψ(a) = (χd1(a), . . . , χdt(a)) ψ a, b ∈ Z+

gcd(a, d) = gcd(b, d) = 1

ψ(a · b) = ψ(ab) = (χd1(ab), . . . , χdt(ab))

= (χd1(a) · χd1(b), . . . , χdt(a) · χdt(b))

= (χd1(a), . . . , χdt(a)) · (χd1(b), . . . , χdt(b))

= ψ(a) · ψ(b).

ker(ψ) = Bd A (1, . . . , 1)
ψ (c1, . . . , ct)

A χdj |dj|

j 1 ≤ j ≤ t

yj ∈ Z+ gcd(yj, dj) = 1 χdj(yj) = cj j 1 ≤ j ≤ t

dj

a ∈ Z+

a ≡ y1 (mod |d1|)

a ≡ yt (mod |dt|).

gcd(a, dj) = gcd(yj, dj) = 1 j 1 ≤ j ≤ t

gcd(a, d) = 1 ψ(a) = (χd1(a), . . . , χdt(a)) = (χd1(a), . . . , χdt(a)) =
(χd1(y1), . . . , χdt(yt)) = (c1, . . . , ct) ψ

Ud/ ker(ψ) ∼= ψ(Ud) Ud/Bd
∼= A �

t

d Bd Kd Kd/Bd

2t−1 Z2 × · · · × Z2 t− 1 Z2

d = d1 · · · dt d

Bd Kd a ∈ Z+

gcd(a, d) = 1 a ∈ Bd χd1(a) = · · · = χdt(a) = 1
a ∈ Bd χd(a) = 1 a ∈ Kd

Kd Bd Ud Bd

Kd |Ud/Bd| = |Ud/Kd||Kd/Bd|

2t = 2 · |Kd/Bd| |Kd/Bd| = 2t−1

Ud/Bd



1 2 Kd/Bd Ud/Bd Kd/Bd

Kd/Bd Z2×· · ·×Z2 t− 1 Z2 �

Kd/Bd

d = −84 B−84

4 = 23−1
K−84/B−84 B−84 = {1, 25, 37}

{5, 17, 41} {11, 23, 71} {19, 31, 55}

d

F0 d

F0

d

Ud

d Bd

d = −84
F0 = (1, 0, 21) −84

1 25 37 84
F0

84
(2, 2, 11) (3, 0, 7) (5, 4, 5) −84 (2, 2, 11)

{11, 23, 71} (3, 0, 7) {19, 31, 55} (5, 4, 5)
{5, 17, 41} U−84

K−84/B−84

U−84 −84
K−84

d n

d n d

n ∈ Kd

F (x, y) = ax
2+bxy+cy

2

d s, u ∈ Z n = F (s, u) gcd(s, u) = e ≥ 1



r t er = s et = u gcd(r, t) = 1
n = a(er)2 + b(er)(et) + c(et)2 = e

2
F (r, t) m = F (r, t)

n = e
2
m n ∈ Z+ gcd(m, d) = 1 gcd(n, d) = 1

gcd(e, d) = 1 χd(n) = χd(n) = χd(e2m) = [χd(e)]2 · χd(m)
gcd(e, d) = 1 χd(e) = ±1 χd(n) = χd(m)

χd(n) = 1 m ∈ Kd m ∈ Z+

gcd(m, d) = 1 m F (x, y) d

m

(=⇒) b1

b1
2
≡ d (mod m)

m χd(m) = χd(m)
χd(m) = 1

m m

gcd(m, d) = 1 χd(m) =
�

d
m

�

b1 k b1
2
− d = km d = b1

2
− km

χd(m) =

�
d

m

�
=

�
b1

2
− km

m

�
=

�
b1

2

m

�
=

�
b1

m

��
b1

m

�
= 1,

�
b1
m

�
= ±1

χd(m) = 1 m

m d ≡ 1 (mod 4) 4 | d m d

m

F (x, y) F (x, y) G(X, Y ) = mX
2+b1XY+c1Y

2

d = b1
2
−4mc1 m d ≡ b1

2 (mod 8)
1 ≡ d ≡ b1

2 (mod 4) b1 b1 b1
2
≡ 1 (mod 8)

d ≡ 1 (mod 8) χd(2) = 1 d ≡ 1 (mod 8)
m = 2rm�

r m
�

m
� ∈ Z+

gcd(m�
, d) = 1 gcd(m, d) = 1 m

� = 1
m

� ≥ 3
d = b1

2
− 4mc1 = b1

2
− 4 · 2rm� · c1 b1

2
≡ d (mod m

�)
d m

�
m

�

d m
�

χd(m�) = 1

χd(m) = χd(2
r
m

�) = [χd(2)]
r
·χd(m

�) = 1r · 1 = 1. �



d F0

d F0

Bd ⊂ Ud

m gcd(m, d) = 1 m ∈ Bd

n F0

n = m

d2 = 1 d = d1 · · · dt d

dj (−1)(pj−1)/2
pj

pj d2

d2 2
m ∈ Bd�

m
p1

�
= · · · =

�
m
pt

�
= 1

m ∈ Z+

pj 1 ≤ j ≤ t x1, . . . , xt

x
2
j ≡ m (mod pj) j 1 ≤ j ≤ t

x x ≡ xj (mod pj) 1 ≤ j ≤ t n = x
2 = F0(x, 0)

n F0 n ≡ m (mod pj) 1 ≤ j ≤ t

n ≡ m (mod d)
d2 = −4 d1 d

−4 x
2
1 ≡ m (mod p1) x ≡ x1

(mod p1) 12 ≡ m (mod 4) x1 = 1
x ≡ 1 (mod 4)
d2 = −8 d1 = −8 x

2
1 ≡ m (mod p1)

x ≡ x1 (mod p1) 12 ≡ m (mod 8) x1 = 1 x ≡ 1
(mod 8) m ≡ 1 (mod 8) n = F0(x, 0)

F0 n ≡ m (mod d)
m ≡ 3 (mod 8) x1 = 1

x

x x
2−

d
4 > 0

n = F0(x, 1) = x
2 −

d
4 d F0 = x

2 −
d
4y

2

n F0

n ≡ 1 −
d
4 ≡ 1 − 6 ≡ 3 ≡ m (mod 8)

d
4 ≡ 6 (mod 8) n ≡ m (mod pj) 2 ≤ j ≤ t pj |

d
4

pj n ≡ m (mod d)

d2 = 8 d1 = 8
m ≡ 1 (mod 8) m ≡ 7 (mod 8)

m ≡ 1 (mod 8) n = F0(x, 0)



m ≡ 7 (mod 8) n = F0(x, 1)
d
4 ≡ 2 (mod 8) n ≡ m (mod 8)

�

d C

H(d) m,n d

F ∈ C m n Kd/Bd

d = d1 · · · dt d

d ≡ 0 (mod 4)
d1 ∈ {−4,−8, 8} m n

Kd x = m · n
−1

∈ Kd m n

Kd/Bd m · Bd = n · Bd

x ∈ Bd m = x · n m · n = x · n
2

n
2
∈ Bd

χdj(n
2) =

�
χdj(n)

�2
= (±1)2 = 1 j 1 ≤ j ≤ t

m · n ∈ Bd

F = (a, b, c) C r, s, t, u ∈ Z
F (r, t) = m F (s, u) = n D = ( r s

t u ) FD = (m, l, n)
l ∈ Z FD

F D /∈ GL2(Z)

D
T
�

a b/2
b/2 c

�
D =

�
m l/2
l/2 n

�
,

v = det(D)

v
2

�
ac−

b
2

4

�
=

�
mn−

l
2

4

�
.

−4 (b2−4ac)v2 = l
2−4mn l

2−4mn = dv
2

dj d l
2 ≡ 4mn (mod |dj|)

|dj| ej 2ej ≡ 1
(mod |dj|) (lej)2 ≡ mn (mod |dj|) j

dj mn

|dj| χdj(m · n) = 1
dj d

d ≡ 1 (mod 4) m ·n ∈ Bd d ≡ 0 (mod 4)
χd1(m · n) = 1 d1 ∈ {−4,−8, 8}

l
2 − 4mn = dv

2
l
2 = 4mn + dv

2

l
2

l

l = 2k k 4k2 = 4mn+dv
2

k
2 = mn+ dv2

4
d
4 ∈ Z m n d

mn



d1 = −4 mn = k
2 −

d
4 · v

2

d
4 ≡ 3 (mod 4) mn ≡ k

2 + v
2 (mod 4) k v

mn

k
2 ≡ 0 (mod 4) v

2 ≡ 1 (mod 4) k
2 ≡ 1

(mod 4) v
2 ≡ 0 (mod 4) mn ≡ 1 (mod 4)

χ−4(m · n) = 1
d1 = −8 mn = k

2 −
d
4 · v

2

d
4 ≡ 6 (mod 8) mn ≡ k

2 + 2v2 (mod 8) k

mn k

k
2 ≡ 1 (mod 8) v v

2 ≡ 0 4 (mod 8)
mn ≡ 1 + 0 ≡ 1 (mod 8) 2v2 ≡ 0 (mod 8) v

v
2 ≡ 1 (mod 8) mn ≡ 1 + 2 · 1 ≡ 3 (mod 8) mn ≡ 1 3

(mod 8) χ−8(m · n) = 1
d1 = 8 mn = k

2−
d
4 · v

2 d
4 ≡ 2

(mod 8) mn ≡ k
2 − 2v2 (mod 8)

k k v mn ≡ 1 − 0 ≡ 1 (mod 8)
k v mn ≡ 1−2 ·1 ≡ −1 ≡ 7 (mod 8) mn ≡ 1

7 (mod 8) χ8(m · n) = 1
�

d F0

d d

F0 Bd d

Bd

F0 d 1
F0(1, 0) = 1 m Kd

F0 m · Bd = 1 · Bd

m ∈ Bd �
H(d)

Kd/Bd C ∈ H(d) F ∈ C

F m

d n ∈ Z+
d n

F m · Bd = n · Bd

ωd : H(d) → Kd/Bd C �→ m · Bd

m gcd(m, d) = 1
F d C �→ m · Bd C



F d = −84

ω−84(C0) = 1 · B−84

ω−84([2, 2, 11]) = 11 · B−84

ω−84([3, 0, 7]) = 19 · B−84

ω−84([5, 4, 5]) = 5 · B−84

K−84/B−84

d = −39 ω−39 [1, 1, 10] [3, 3, 4]
1 · B−39 = {1, 4, 10, 16, 22, 25} [2, 1, 5] [2,−1, 5] 2 · B−39 =
{2, 5, 8, 11, 20, 32} K−39/B−39 2

d = −87 ω−87 [1, 1, 22] [4, 3, 6] [4,−3, 6]
1 · B−87 = {1, 4, 7, 13, 16, 22, 25, 28, 34, 49, 52, 64, 67, 82} [2, 1, 11]

[2,−1, 11] [3, 3, 8] 2 · B−87 = {2, 8, 11, 14, 17, 26, 32, 41, 44, 47, 50, 56, 68, 77}
K−87/B−87 2

d = 60 ω60 [1, 8, 1] 1 ·B60 = {1, 49}
[3, 12, 7] 7 ·B60 = {7, 43} [11, 18, 6] 11 ·B60 = {11, 59} [2, 10, 5]

17·B60 = {17, 53} K60/B60 4

d = −260 ω−260 [1, 0, 65] [9, 8, 9]
1·B−260 = {1, 9, 29, 49, 61, 69, 81, 101, 121, 129, 181, 209} [3, 2, 22] [3,−2, 22]

3 · B−260 = {3, 23, 27, 43, 87, 103, 107, 127, 147, 183, 207, 243} [6, 2, 11]
[6,−2, 11] 11 ·B−260 = {11, 19, 31, 59, 71, 99, 111, 119, 151, 171, 219, 239}
[5, 0, 13] [2, 2, 33] 33·B−260 = {33, 37, 57, 73, 93, 97, 137, 177, 193, 197, 213, 253}

K−260/B−260 4

d

ωd : H(d) → Kd/Bd



C1 C2 H(d) F1 ∈ C1

F2 ∈ C2 m1,m2

d F1 F2

ωd(C1) = m1 ·Bd ωd(C2) = m2 ·Bd m1m2

d F1 ∗F2

C1 ∗ C2 ωd(C1 ∗ C2) = m1m2 · Bd

m1m2 · Bd = (m1 ·m2) · Bd = (m1 · Bd)(m2 · Bd) �

d F1, F2

d F1 F2 C1 C2

ωd(C1) = ωd(C2)

1 ·Bd

ker(ωd) C0

ker(ωd) H(d)

H(d)/ ker(ωd) ∼= im(ωd),

H(d)/ ker(ωd)

d = −84 d = 60
d = −39 d = −260 d = −87

d

H(d)/ ker(ωd) G(d)

G(d) ∼= Kd/Bd

Kd/Bd

d F

d C ∈ H(d) F
�
0

C0 m ∈ Z+
d F

m ·Bd

F d

m · Bd m · a

a ∈ Bd F (x1, y1) = m x1, y1 ∈ Z



a ∈ Bd b

b = a F
�
0(x2, y2) = b x2, y2 ∈ Z

mb F ∗ F
�
0

C ∗ C0 = C m · a F ∼ F ∗F �
0

a ∈ Bd �

d F

d H(d)
x, y F (x, y) 1 d

m ∈ Z+ gcd(m, d) = 1 m F

F m·Bd = 1·Bd 1 ∈ m·Bd

�

ker(ωd) = {C0} G(d) ∼= H(d)

H(d) ∼= Z2×· · ·×Z2 t−1
Z2 t d

|H(d)| = 2t−1 ker(ωd) = {C0}

d d

65
t

t = 1 : d = −3,−4,−7,−8,−11,−19,−43,−67,−163 9
h(d) = 1

t = 2 : d = −15,−20,−24,−35,−40,−51,−52,−88,−91,−115,−123,−148,−187,
−232,−235,−267,−403,−427 18
h(d) = 2
t = 3 : d = −84,−120,−132,−168,−195,−228,−280,−312,−340,−372,−408,−435,
− 483,−520,−532,−555,−595,−627,−708,−715,−760,−795,−1012,−1435
t = 4 : d = −420,−660,−840,−1092,−1155,−1320,−1380,−1428,−1540,−1848,
− 1995,−3003,−3315
t = 5 : d = −5460 65



2t−1 ≤ |H(d)| 2t−1 | |H(d)|

d p

χd(p) = 1 p d

p = 2 χd(p) = 1 d ≡ 1 (mod 8)
2x2 + xy + (1−d)

8 y
2

d

2 p χd(p) = 1�
d
p

�
d

p

�

p 4k+1
p x

2+y
2

p

χ−4(p) = 1
−4 p

−4 x
2 + y

2

p

1 3 8 χ−8(p) = 1
−8 x

2+2y2

p 1
9 20 χ−20(p) = 1

−20 p

−20
(2, 2, 3)

20
3, 7 (2, 2, 3)

p 1 9 20
x
2+5y2

−20 d

p χdj(p)
1 ≤ j ≤ t

p



d = −260 χ−260(37) = 1
37 −260

[5, 0, 13] [2, 2, 33] 2(1)2 + 2(1)(1) + 33(1)2 = 37
37

5x2 + 13y2 97
5x2 + 13y2 (2, 2, 33)

3
[3, 2, 22] [3,−2, 22]

ker(ωd) = S(d),

H(d)
H(−39) ∼= Z4 C0

[3, 3, 4] H(−84) ∼= Z2 ×Z2

d

ωd : H(d) → Kd/Bd

G(d) ∼= Kd/Bd
∼= Z2 × · · · × Z2 ,



t− 1 Z2

G(d)

G(d) = H(d)/S(d) ∼= im(ωd).

H(d)/S(d) ∼= Z2 × · · · × Z2
∼= Kd/Bd,

t − 1 Z2 im(ωd) Kd/Bd

ωd

�

H(d) G(d)
3× 3

ωd

ϕd

χd

Kd/Bd

( )

Ud d Kd

Kd Ud d

d

n ∈ Kd m m = n m

d

m ·Bd Kd/Bd

ωd m ·Bd

d

d Kd/Bd ωd

Kd Kd/Bd �



SL3(Z) 3×3
= 1 SL2(Z)

GL3(Z) 3×3
= ±1 SL3(Z)

F (x, y, z) = ax
2 + by

2 + cz
2 + uxy + vyz + wxz 2 x, y, z

a, b, c, u, v, w

M(F )
3× 3

M(F ) =

�
a u/2 w/2

u/2 b v/2
w/2 v/2 c

�
.

1× 1 (F ) F (x, y, z)

(F ) =
�

x
y
z

�T
·M(F ) ·

�
x
y
z

�

δ(F )
M(F )

D ∈ GL3(Z)

D
T
·M(F ) ·D = M(G).

F

G FD = G

= −1

det(DT ) · det(M(F )) · det(D) = det(M(G)),

det(D)2 · δ(F ) = δ(G) det(DT ) = det(D) det(D)2 = (±1)2 = 1

F D = (dij) ∈ GL3(Z)



FD FD

x, y, z F (x, y, z) d11X+d12Y +d13Z

d21X + d22Y + d23Z d31X + d32Y + d33Z

X
2
, Y

2
, Z

2
, XY, Y Z, XZ

Z

3× 3 Q
M3(Q) I3 3×3 Q×

α ∈ Q αI3 3× 3
α

αI3

M ∈ M3(Q)

M =
�

α11 α12 α13
α21 α22 α23
α31 α32 α33

�
∈ M3(Q) (r, s) M

Mrs 2× 2 M

r s M (r, s) M Mrs

Mrs (r, s) M Crs

(−1)r+s
Mrs

M =

�
−6 5

6
2
5

− 1
2 3 − 2

3

− 3
2

6
5

4
5

�
(1, 1) M11

�
3 − 2

3
6
5

4
5

�
M11 =

��� 3 − 2
3

6
5

4
5

��� = 3 · 4
5 −

6
5 · (−

2
3) =

16
5 M12 =

��� −
1
2 − 2

3

− 3
2

4
5

��� =

(−1
2) ·

4
5 − (−3

2) · (−
2
3) = −

7
5 M13 =

��� −
1
2 3

− 3
2

6
5

��� = (−1
2) ·

6
5 − (−3

2) · 3 = 39
10

C11 =
16
5 C12 =

7
5 C13 =

39
10

3 × 3

M ∈ M3(Q)
det(M)

s det(M) =
�3

r=1(−1)(r+s)
αrsMrs =

�3
r=1 αrsCrs

r det(M) =
�3

s=1(−1)(r+s)
αrsMrs =

�3
s=1 αrsCrs

r1 �= r2

�3
s=1(−1)(r2+s)

αr1sMr2s =
�3

s=1 αr1sCr2s = 0

det(M) = (−6)(165 ) + (56)(
7
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